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Abstract. Let S be a closed surface, G a compact Lie group, not necessarily 

connected, with Lie algebra g, 5: P — > E a principal G-bundle, let A''(^) denote the 

^^ . moduli space of central Yang-Mills connections on S,, with reference to suitably chosen 

f^ I additional data, and let Rept(r, G) be the space of representations of the universal 

central extension F of the fundamental group of E in G that corresponds to ^. We 

construct smooth structures on N{^) and Repf(r,G), that is, algebras of continuous 

functions which restrict to smooth functions on the strata of certain associated 

stratifications; by means of a detailed investigation of the derivative of the holonomy 

we show thereafter that, with reference to these smooth structures, the assignment to 

a smooth connection A of its holonomies with reference to suitable closed paths yields 

OC a diffeomorphism from iV(^) onto Repc(r, G); moreover we show that the derivative of 

the latter at the non-singular points of A''(^) amounts to a certain twisted integration 

mapping relating a suitable de Rham theory with group cohomology with appropriate 

k> ■ coefficients. Finally we examine the infinitesimal geometry of these moduli spaces 

'V^ ' with reference to the smooth structures and, for illustration, we show that, on the 

C^ ' moduli space of flat SU(2)-connections for a surface of genus two which, as a space, 

is just complex projective 3-space, our smooth structure looks rather different from 

the standard structure. 
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Introduction 



Let X be a decomposed topological space, each piece of the decomposition being 
a smooth manifold. A smooth structure on X is an algebra C°°(X) of continuous 
functions on X which, on each piece, restrict to smooth functions. We shall refer 
to such a space as a smooth space. In the present paper, we endow certain moduli 
spaces with a smooth structure and thereafter analyze their singular structure and 
infinitesimal geometry by means of it. It belongs to a series of papers about a 
program revealing the structure of these moduli spaces by means of the symplectic or 
more generally Poisson geometry of certain related classical constrained systems but 
its results are of interest in their own right. In [13] we construct the searched for 
Poisson structures on the moduli spaces, thereby obtaining structures of a stratified 
symplectic space in the sense of [30]; such a structure encapsulates the mutual 
positions of symplectic structures on the strata. It is known that some of these 
moduli spaces carry the additional structure of a (complex) projective variety which, 
however, does not shed too much light on the singular behaviour of the symplectic 
or Poisson structures in general; in fact it may happen that the symplectic structure 
is singular whereas the complex analytic one is not. An example will be mentioned 
shortly. On the other hand, the singular behaviour of the symplectic or more generally 
Poisson structures can entirely be understood in the framework of the real algebraic 
geometry of appropriate smooth structures on these moduli spaces, to which the 
present paper is devoted. We shall relate the smooth structures with appropriate 
complex analytic structures elsewhere by means of a suitable notion of polarization for 
Poisson structures; this will generalize the classical description of a Kahler structure 
in terms of a holomorphic polarization and in particular will provide the necessary 
means to talk about mutual positions of Kahler structures on the strata. 

We explain at first briefiy the moduli spaces. Let E be a closed surface, G a 
compact Lie group, not necessarily connected, with Lie algebra g, and ^: P — > E a 
principal G-bundle, having a connected total space P. Further, pick a Riemannian 
metric on E and an orthogonal structure on g, that is, an adjoint action invariant 
scalar product. These data then determine a Yang-Mills theory studied for connected 
G extensively by Atiyah-Bott in [4] to which we refer for background and notation. 
We only mention that a connection is said to be Yang-Mills provided it satisfies the 
corresponding Yang-Mills equations and central when its curvature is a 2-form on E 
with values in the Lie algebra of the centre of G. The moduli space N{^) of central 
Yang-Mills connections is then that of gauge equivalence classes of central Yang-Mills 
connections; it is a compact space, including as special cases certain moduli spaces 
of fiat connections and the NARASlMHAN-SESHADRl-moduli spaces [24] of semi-stable 
holomorphic vector bundles. For example, as a space, the moduli space of fiat 
SU(2)-connections for a surface of genus 2 is just complex projective 3-space [25]; 
as a complex analytic space, it is non-singular but the symplectic or more general 
stratified symplectic structure degenerates on a Kummer surface; see [15]. For a 
general bundle $, and structure group G, we shall assume throughout that the space 
A^(^) is non-empty, that is, that Yang-Mills connections exist. For example, this will 
be the case for a connected structure group, cf. [4]. 

In [12] we have shown that the assignment to a connection of its holonomies, 
with reference to suitably chosen closed paths, induces a homeomorphism, referred 
to as Wilson loop mapping for a reason given in Section 2 below, from A^(^) onto 
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a certain representation space Repf(r, G) for the universal central extension F of 
the fundamental group n of E. While the space N{^) depends on the choice of 
Riemannian metric on E the space Repf(r, G) does not. One of our aims is to show 
that, with reference to appropriate additional structure, the Wilson loop mapping is 
in fact a diffeomorphism. 

We now give a brief overview of the paper. Section 1 is preliminary in character. 
In Section 2 we determine the derivative of the holonomy, viewed as a map from the 
space of connections to the structure group, once the appropriate additional requisite 
data have been chosen. In Section 3 we introduce our algebras of smooth functions 
and spell out the first chief result of the paper. Theorem 3.8; it will say that, the 
spaces N{^) and Rep^(r,G) being decomposed into connected components of orbit 
types in the appropriate sense, the Wilson loop mapping is fact a diffeomorphism. 
In Section 4 we give a description of the twisted integration mapping tailored to 
our purposes. In Section 5 we rework and extend the classical relationship between 
the infinitesimal structure of representation spaces and group cohomology which goes 
back at least to Weil [31], [32], cf. [27]. In Section 6 we reduce the smooth 
structures of N{^) and Rep^(r,G) near any of its points to that of local models of 
a kind introduced in an earlier paper [10], endowed with suitable smooth structures. 
This will be our second chief result. Our third chief result, (6.15) below, will be 
the existence of suitable partitions of unity; this will then enable us to complete the 
proof of Theorem 3.8 mentioned above. In Section 7 we examine the infinitesimal 
structure of our spaces of interest. In particular, we shall establish the fact that the 
space N{^) is locally semi-algebraic. Finally in Section 8 we examine the moduli 
space of flat SU(2)-connections for a surface of genus 2 which, cf. what was said 
above, as a space is just complex projective 3-space. We shall see that, as a smooth 
space with the appropriate smooth structure, it looks rather different; for example, 
at 16 isolated points, the Zariski tangent space has (real) dimension 10. 

Abstracting the structure of the spaces N{^) and Rep^(F, G) isolated in the present 
paper we are led to spaces with an algebra of functions which, locally, look like the 
reduced space of a momentum mapping for a representation of a compact Lie group 
which varies over the space, with the obvious smooth structure on the reduced space. 
This class of spaces may well be worth an independent investigation. 

I am indebted to A. Weinstein for discussions at various stages of the project. In 
particular, the final versions of (7.9) and (7.10) below were found after discussions 
with him. 

1. Preliminaries 

Let M be a finite dimensional smooth compact connected manifold, G a (real) Lie 
group, g its (real) Lie algebra, and ^•. P -^ M a principal G-bundle over M, with 
G acting on the right of P. We denote the action of a: G G by B^x'-P ^^ px, where 
p ^ P. The affine space .4.(^) of smooth connections on ^ inherits an obvious action 
of the group G{C) of gauge transformations and so does the graded vector space 
n*(M, ad(^)). We pick a base point Q E M and a pre-image Q E P; then assignment 
to a gauge transformation 7 on ^ of x-y G G defined by 7(Q) = Qx^ furnishes a 
surjective homomorphism 

(1-1) QiO-G 



4 JOHANNES HUEBSCHMANN 

whose kernel is the group Q^{i) of (at Q) based gauge transformations. The adjoint 
bundle ad(^) is the Lie algebra bundle over M associated with ^ and the adjoint 
action of G on g. With the obvious bracket, its space of sections 0°(M, ad(^)) is the 
Lie algebra of Q{C) i^i ^ natural fashion. The tangent bundle of a smooth manifold 
X wiU be written rx:TX -^ X. 

We shall not distinguish in notation between the naive objects and their Sobolev 
completions [4], [6], [23], [26]. 

2. The derivative of the holonomy 

Let / = [0, h] be an interval and u: I -^ M a smooth path in M having starting point 
Q. For a connection A, we denote by u^q:I—^P the horizontal lift of u, having 

starting point Q. For t G /, let u^q^: [0,t] — * P be the restriction of u^q to [0,t]. 

Among the various descriptions of the space 0''(M, ad(^)) of j-forms with values 
in the adjoint bundle ad(^) we shall take here that in terms of G-invariant horizontal 
gr-valued forms on P. The following will be crucial. 

Theorem 2.1. With reference to a suitable Sobolev topology on A{^), the assignment 
to (A,t) G A{^) y< I of the horizontal lift u^Q{t) furnishes a continuous map U from 
A{^)xl to P whose restriction to any smooth finite dimensional submanifold ofA{^)xI 
is smooth. Given a connection A on $, and a 1-form -& G ^'''(M, ad(^)) = TaA{^), an 
explicit formula for the partial derivative ^(A,t) = (it/(A, t)(i?, 0) is given by 

(2-2) a^(^'^)=VQW/ ^eT^(A,t)P. 

Remark 2.3. Some comment about the interpretation of the formula (2.2) might 
be in order: The 1-form d being viewed as a G-invariant (/-valued one on P which 
vanishes on the vertical vectors, the integral f ^? is well defined as an element 

of the Lie algebra g. Moreover, by construction, -u^ ^(t) G P, and the expression 






refers to the element which is obtained when the canonical injection from P x g into 
the total space TP is applied to the pair [u^ Q{t), J^ ^ i}\. 

\ A ,C^ ,t / 

Remark 2.4. The existence of the derivative of U, restricted to an arbitrary smooth 
finite dimensional submanifold, and that of corresponding derivatives of arbitrarily 
high order, follows from standard facts about analytical dependence of the solution 
of a differential equation on suitable parameters. 

Proof of (2.1). In the good range k > ^'™^ , convergence in the Sobolev topology 
H^ implies uniform convergence, cf. [7] Section 6. This implies readily that U is 
continuous. 

The smooth tangent space T^^(^) is naturally identified with the vector space 
of 1-forms 0^(M, ad(^)) with values in the adjoint bundle, and, for a fixed value of 
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t e I, we look for the derivative T^t/t:TA^(0 — ^ Tjy^P of the map Ut:A{C) -^ P 
which is given by the assignment to a connection A of the value Ut{A) = u^ ^(t) G P. 
Thus, given i} G 0^(M, ad(^)), all we need is an expression for the partial derivative 

r)TI 

^(A) = T^t/,(^)GT.^g,)P. 

To obtain such an expression, given s G R and t? G 0^(M, ad(^)), we consider the 
horizontal lift w^ , ^^ q: I — > P of u. It is clear that the assignment to (s,t) G / x / 
of ^^+s^ o(^) yields a smooth map u: I x I — > P, and what we are looking for is an 
expression for the partial derivative of this map at s = 0, whatever t G /. To simplify 
notation, write v = u^ q: I — > P for the horizontal lift of u. It is obvious that there 
is a unique map a: I x I —^ G such that, for every (s,t) E I x I, 

w(s, t) = v{t)a{s, t). 

When we fix s and differentiate this identity with respect to the parameter t we 
obtain the identity 

W( = v^at + vta[; 

here we have written at = a(s,t) G G, Ut = u{s,t) G P, Vt = v{t) G P; furthermore, 
with a notation used e. g. on p. 69 of [18], u[ is the tangent vector to the curve 
(s,t) \^u{sjt) {s fixed) at the point u{sjt), and v'f. and a^ refer to the corresponding 
tangent vectors of the other curves coming into play. Let uj: TP ^ g he the connection 
form of A; then cj — si} is the connection form of A + si}. Exploitation of the fact 
that u'-i- is horizontal for the connection A + si} yields 

= (c^ - s^) {u[) 
= uj{ut) -si^iu't) 
= u {v'i-at + vta'^) - si} (v'^at + Vta[) 
= UJ {Vfttt) + UJ (vta'-f.) — si} {v[at) — si} (vta'-f-) 

= ^ ((RaJ^ V't) + UJ (Vta't) - si} ((RaJ^ v'^) , 

since Vta'-/- is vertical and since i} is zero on vertical vectors; we remind the reader that 
Rat'-P -^ P refers to the action of G on P. Moreover, since the curve vt is horizontal 
with respect to A, G-invariance of uj implies that a; ((RaJ^ t't) equals a.d^-iuj {y[) 
which is zero; likewise, G-invariance of "& implies d {{R.at)^v[) = ad^-i^? (t;^) . Further, 

by construction, uj {vta[) equals a^^a[ E g = T^G. Consequently the fact that u[ is 
horizontal for the connection A + si} entails that at satisfies the differential equation 

= a^^a't - s ad^-iz? {v'^) G g 

in the Lie algebra g of G or, equivalently, the differential equation 

= a'tat^-si}{v't) eg. 

When we differentiate this equation with respect to s we obtain 

= ^^{a',a;')-i!}{v',)eg, 
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that is, 

(*) = (^a^) a,-i + a[ (^a,"^) - ^ K) G ^7. 

Finally we observe that by construction the map a is subject to the conditions 
a(0,t) = e = a(s, 0). In particular, for s = 0, do we have a[ = 0, and hence, for s = 0, 
the differential equation (*) simplifies to 

However, since a is defined on the product of two intervals, we may interchange 
partial derivatives and obtain, for s = 0, the differential equation 

d dat „ , ,, 



From this we conclude 

da 
ds 



(0,t)= f i}{v'^)dT= f ^ eg. n 

Jo Ju . ^ . 



A,Q,t 



By a smooth map h on A{^) with values in a smooth finite dimensional manifold 
we mean henceforth a continuous map h whose restriction to an arbitrary smooth 
finite dimensional submanifold of A{^) is smooth in the ordinary sense. We can then 
still talk about the derivative of h: for a point A of A{^), by the differential or 
derivative dh{A), evaluated at a 1-form -& G 0^(M, ad(^)), we mean the corresponding 
partial derivative. 

For a smooth closed path w: [0, b] -^ M, with starting point Q G M, the holonomy 
Hol^ q{A) E G oi A along w with reference to Q is defined by 

u^ A (6) = QHol^ q(^) ^ ^- ^^^ y E G we denote by Ly the operation of left trans- 
lation from g to TyG. 

Corollary 2.5. When u is closed the holonomy along u furnishes a smooth map Hol^ q 
from A{^) to G. Moreover, at a connection A, with y = Hol^ q(^) ^ ^' ^^^ differential 
dRol^QiAy.TAAiO -^ TyG assigns to a smooth 1-form 1} G T^^(0 = ^^{M,a.d{^)) 
the value Ly f ^ ^? G TyG. Finally, this map is invariant in the sense that, given a 

gauge transformation 7, whatever smooth connection A, Hol^ 6 (7^) = ^t^oI^ q{A)x~^ . 
(See Section 1 for the notation x^.) 

Proof. Let ^ G OHM,ad(0) = Ta^(0 and y = /^ ^^ ^ 9- By (2.1), an explicit 



A,Q 



formula for the partial derivative ^^{A) = dUb{A){i}) of the map Ui, from A{^) to 
P which assigns u^Q{b) E P to A E A{^) is given by 



dUb 



(^) = ^ {^A,Qib>^Pty) Lo e T., g(.)P. 
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The derivative T^G — > "^Oa^ ^^ a E G of the smooth map from G to P which 
assigns to a G G the point Qa G P may be described by the assignment to LaZ of 
QLaZ, for Z E g. Hence 

A (u^^^ib)exptY) l^^ = A (QHol^_^(A)exptr) |^^„ = Q Ly [ /• □ 



A,Q 



Now we pick smooth closed curves wi, . . . ^Wn in M starting at Q and representing 
a set of generators xi,...,Xn of the fundamental group n = 7ri(M, Q); we write 
w = [wi, . . . ,Wn) and denote by F the free group on xi^...^Xn- The assignment to 

a connection A of (Hol^ ^(A), . . . , Hol^ q(^)) ^ ^" yields a map 

(2.6) p = Hol^^^:^(0-^G^ 

which, in view of (2.1), is smooth in the sense that its restriction to an arbitrary 
smooth finite dimensional submanifold of A{^) is smooth. We refer to p as Wilson 
loop mapping since its composite with a smooth G-invariant function on Hom(F, G) 
yields a smooth ^(^)-invariant function on .4.(^) generalizing what is called a (classical) 
Wilson loop observable in the physics literature. Here is an immediate consequence 
of (2.5). 

Theorem 2.7. At a connection A, with 

p{A) = (Ho1^^,q(A), . . . , Hol^^^^^(A)) = (2/1, . . . , y.) G G^, 

the differential dp{A):TAA{0 -^ T^ p{A)G'' = Ty^G x ■■■ x Ty„G of (2.6) is given by 
the assignment to ^? G ^^(M, ad(0) = Ta^(0 of 

^w,a,q(^) = (lv, / ^, . . . , L,„ / .?) G T,,G X ■ ■ ■ X T,„G, 

where, with an abuse of notation, for I < j < n, Wj denotes the horizontal lift of Wj 
with reference to A and Q. 

3. The first main result 

In this Section we introduce our algebras of smooth functions and spell out the first 
main result of the paper. We return to the circumstances of the Introduction. Thus 
E denotes a closed surface, G a compact not necessarily connected Lie group, with 
Lie algebra g, ^: P ^ "E a principal G-bundle, having a connected total space P, and 
Q G E a chosen base point. Consider the standard presentation 

(3.1) P = (xi,2/i,...,X£,y£;r), r = [xi.yi] ■ . . . ■ [xi.yi] , 

of the fundamental group tv = 7ri(E, Q), the number £ being the genus of E; we 
denote by F the free group on xi^yi, . . . ,X£,ye and by A^ the normal closure of r 
in F. The quotient group T = F/[F,N] yields the universal central extension 

(3.2) 0-^Z-^r-^7r-*l 
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of tt; cf. Section 6 of [4] and Section 2 of [12]. The topology of the bundle ^ 
determines an element X^ of the Lie algebra z of the centre of Z of G which is a 
topological characteristic class of ^; see [4] for the case of a connected structure group 
G and Section 1 of our paper [12] for the general case. The evaluation map which 
assigns {(j){xi),(j){yi), . . . ,(j){xi)j(l){y£)) G G"^^ to (/> G Hom(F, G) identifies Hom(F, G) 
with G^^. Let H^(r,G) be the subspace of Hom(F, G) consisting of homomorphisms 
X G Hom(F, G) such that 

(3.3) [x{xi), x(?/i)] ■ . . . ■ [x{xe),x{ye)] = exp(X^) G Z. 

This space is manifestly compact and hence has only finitely many connected 
components; furthermore it is a finite union of real algebraic sets, which, in turn, 
also implies that it has only finitely many connected components since this is true 
of any real algebraic set, cf. [35]. 

The values of the restriction of the Wilson loop mapping (2.6) to the subspace 
A/'(^) of central Yang-Mills connections lie in H^(r, G); we denote by Homg(r, G) its 
image in Hg(r, G); it is a space of homomorphisms from F to G. A more intrinsic 
description of the resulting surjection from A/'(^) onto Homg(r,G) may be found in 
(3.8) of our paper [12]. The connected components of Hom^(r, G) are parametrized 
by the points of the corresponding TTo-orbit in Hom(7r,7ro), where ttq refers to the 
group of connected components of G; in particular, when G is connected, Hom^(r,G) 
is connected. Let I^ denote the ideal in the algebra G°° (Hom(F, G)) of smooth 
functions on Hom(F, G) that vanish on the subspace Homg(r, G) of Hom(F, G), and 
define an algebra G°° (Hom^(r, G)) of continuous functions on Hom^(r, G) by 

(3.4) G°° (Hom^(r, G)) = C^ (Hom(F, G)) //^. 

This algebra is often called that of Whitney smooth functions on Homg(r,G), cf. [34]. 
We note that here and henceforth spaces may arise which are not necessarily connected. 
When we talk about an algebra of continuous functions on such a space we always 
mean an algebra of continuous functions on a connected component. We do not 
indicate this explicitly, to avoid an orgy of notation. 

Let Rep^(r,G) = Hom^(r, G)/G. We define an algebra G°° (Rep^(r, G)) of 
continuous functions on Rep^(r,G) by 

(3.5) G°° (Rep^(r, G)) = (G°°(Hom(F, G))f /if, 

that is, we take that of smooth G-invariant functions (G°°(Hom(F, G))) on Hom(F, G) 
modulo its ideal l9 of functions that vanish on Hom^(r,G). By construction this is 
an algebra of functions on Rep£(r,G) in an obvious fashion. Since G is compact, the 
canonical map from G°° (Rep^ (F, G)) to (G°° (Homg(F, G))) is a bijection whence 
G°° (Rep^(F, G)) may as well be described as the algebra of G-invariant Whitney 
smooth functions on Homg(F,G). Since we shall not need this fact we refrain from 
giving the details here. 

In the same vein, denote by C^{A{^)) the algebra of smooth functions on A{^) 
in the sense explained in Section 2 above; we then define the algebra G°° (A/'(^)) on 
J\f{C) as the quotient algebra C°^{A{^))/J^, where Jg refers to the ideal of functions 
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in C°°(^(^)) that vanish on the subspace J\f{C) of A{^), and we define an algebra 
C°° (A^(^)) of continuous functions on the moduh space N{^) = Af{^)/Q{$,) of central 
Yang-Mills connections by 

(3.6) C^ (iV(0) = {C^{A{0)f'^^ /lf^\ 

that is, we take the algebra of smooth ^(^)-invariant functions (C°°(v4.(^))) on 
A{^) modulo its ideal I^ of functions that vanish on A/'(^). By construction, this 
is an algebra of functions on N{^), in an obvious fashion. 

The decomposition of N(^) into connected components of orbit types of classes 
of central Yang-Mills connections endows N{^) with a structure of a decomposed 
space, in fact, see [11] (1.2), with that of a stratified space. The pieces are smooth 
manifolds, parametrized by conjugacy classes (K) of subgroups K of G; the piece 
^{K){0 corresponding to (K) consists of classes [A] of central Yang-Mills connections 
A having stabilizer Za C Q{^) whose image in G under (1.1) is conjugate to K. 

We now pick smooth closed paths ui,vi, . . . jU£,V£ in E representing the generators 
xi, yi, . . . , x^, y^, so that the standard cell decomposition of E with a single 2- 
cell e corresponding to r results, and, furthermore, a base point Q E P so that 
^{Q) = <5 G E. Then the Wilson loop mapping p from A{^) to Hom(F, G) with 
reference to these data, cf. (2.6), induces a homeomorphism 

(3.7) p^:N{0 - Repair, G); 

it coincides with the map given in (3.8.2) of our paper [12]. By an abuse of language, 
we refer to p\, as Wilson loop mapping as well. It is independent of the choices made 
to define p. 

The decomposition of Repg(r, G) into connected components of orbit types of 
representations has as well pieces parametrized by conjugacy classes (K) of subgroups 
of G] the piece R(k) (0 corresponding to (K) consists of classes [(/)] of homomorphisms 
(p from r to G having stabilizer Z^ C G conjugate to K. The Wilson loop 
mapping p\, is manifestly compatible with the decompositions since (1.1) identifies 
the stabilizer Za of a connection A with the stabilizer ^p(A) of p{A) G Hom(F, G), 
cf. e. g. [11] (2.4). Consequently the Wilson loop mapping, restricted to a piece 
N(K){0 of -^(^5 is a homeomorphism onto the corresponding piece R(i^)(^) of the 
decomposition of Rep^(r, G). In particular, each connected component of a piece 
R{K){0 of the decomposition of Rep^(r, G) into G-orbit types inherits a structure 
of a smooth manifold from the corresponding stratum of N{^) in such a way that 
this decomposition of Rep£(r,G) is as well a stratification. 

Given smooth spaces (X, G°°(X)) and (y, G°°(y)), a map (/): X ^' Y is said to 
be smooth provided for every / G G°°(y) the composite f o (j) is a smooth function 
on X, that is, lies in C°°{X). The usual notion of diffeomorphism carries over as 
well: A smooth homeomorphism is a diffeomorphism provided its inverse map is also 
smooth. Here is the first main result of the paper. 

Theorem 3.8. With reference to the decompositions into connected components of 
orbit types, the algebras C°°{N{^)) and G°°(Rep^(r, G)) yield smooth structures on 
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A^(^) and Rep^(r, G), respectively, and the Wilson loop mapping p\, from N{^) to 
Repg(r, G) is a diffeomorphism of smooth spaces. 

Remarks about the proof. The restriction of a function in C°° (A^(^)) to a piece is 
a smooth function in the ordinary sense, and the same is true of C°°(Rept(r, G)). 
This is a consequence of the fact that the restriction of a smooth function to a 
smooth submanifold is a smooth function on the submanifold. A more formal proof 
will be given in Section 6 below. Hence the algebras C°°(A^(^)) and C°°(Rep^(r, G)) 
furnish smooth structures as asserted. Smoothness of the map p\, follows at once 
from the facts that the Wilson loop mapping p from A{^) to Hom(F, G) is smooth 
and ^(^)-invariant, cf. (2.7), where G{C) cicts on Hom(F, G) through the projection 
(1.1). Moreover p* is manifestly injective since p\, is a homeomorphism and hence 
identifies the algebras of continuous functions on these spaces. The surjectivity of p* 
will be established in Section 6 below by a partition of unity argument. D 

Notice that a priori the smooth structure G°°(Rep^(r, G)) depends on the choice 
of presentation of n but not on the chosen Riemannian metric on E while the space 
A^(^) and hence a fortiori its smooth structure C°°{N{^)) depend on the chosen 
Riemannian metric on E but not on the choice of presentation of n. Theorem 3.8 
implies that the smooth structure on Rep^(r, G) does not depend on the choice 
of presentation. Furthermore, a diffeomorphism (/> of E preserving ^ will induce a 
commutative diagram 

iV(0 > Rep^(r,G) 



iV(0 > Rep^(r,G) 

of diffeomorphisms of smooth spaces, where N{^) denotes the moduli space of central 
Yang-Mills connections for the image under (p of the chosen Riemannian metric on 
E. We hope to return to this issue at another occasion. 

4. The twisted integration mapping in de Rham theory 

In the present Section we work out a precise description of the twisted integration 
mapping tailored to our purposes. 

Consider a principal G-bundle ^: P ^ M over an arbitrary smooth connected finite 
dimensional manifold M having connected total space P. As before we pick a base 
point Q of M and a pre-image Q & P of Q. Given a flat connection A on ^, the 
holonomy representation cf) = p{A) of tt = 7ri(M, Q) in G induces a structure of a 
TT-module on g through the adjoint action, and it is folk lore that the cohomology 
H^(M, ad(^)) is isomorphic to the cohomology of M with the appropriate local 
coefficients, cf. e. g. VII. 7. 3 on p. 107 of [27]. We need a more precise description 
of a somewhat more general result, to be spelled out below. 

Consider the universal covering M — * M of M; we suppose that things have been 
set up in such a way that tt acts on the right of M, and we pick a pre-image Q E M 
of Q. 

Proposition 4.1. Every smooth fiat connection A on ^ determines a unique smooth 
map o- = o'a Q Q from M to P which, with respect to the corresponding holonomy 
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representation p{A) of tt in G, furnishes a morphism of (right) principal bundles over 
M. 

Proof. This is established by an argument of the kind for the Reduction theorem in 
II. 7.1 of [18]; for later reference we sketch the construction of a: Given T G M, let 
u) be a smooth path in M, necessarily horizontal, joining Q and T, let w be the 
path in M obtained by projecting w into M, and let w be the unique lift of w that 
is horizontal for A and has starting point Q; then the value cr(T) is defined as the 
end point of w. Since A is fiat, the value ct{T) does not depend on the choice of 
w. D 

Let C,: E -^ M he a, smooth vector bundle associated to ^ and the finite dimensional 
real representation V of G. Then O* (M, Q amounts to the G-invariant horizontal 
forms in O* (P, V) and the operator dA of covariant derivative of a fiat connection 
A is a differential on O* (M, Q . The following is immediate. 

Corollary 4.2. For every fiat connection A, the map from Q.*{P,V) to 0*(M, y) 
induced by a^ q q, cf. (4.1), passes to an isomorphism o"*, a ^ of chain complexes from 

(0*(M, C), (i^) onto the subcomplex (VL*{M,V),d\ of ii -invariant V -valued forms on 

M , the necessary n-module structure on V coming from the holonomy it ^ G of A 
combined with the G -action on V . D 

Given a homomorphism (f) from tt to G and a representation V of G, we write 
(C*(M, V^), (i) for the subcomplex of yr-invariant y- valued cellular cochains on M and 
we denote by H*(M, V^) the resulting ir-equivariant cohomology of M with values 
in V. It is naturally isomorphic to the cohomology of M with local coefficients 
determined by (p and the representation of G on V. The usual integration mapping 

(fl*{M,V),d) —^ {C*{M,V),d\ from the de Rham complex to that of usual cellular 

cochains is compatible with the yr-actions. Taking invariants and combining it with 
0"* - --, for a given fiat connection A, we obtain the chain mapping 

(4.3) (0*(M, 0, dA) -> (0*(M, V),dY -^ {C%M, Vp^A)). d) . 

Henceforth we refer to it as the twisted integration mapping in de Rham theory; it 
induces an isomorphism from H^(M, C) onto H.* {M , Vp(^A)) a special case of which is 
the folk lore isomorphism mentioned earlier. 

Under our circumstances, twisted integration furnishes such an isomorphism even 
for a central connection which is not necessarily fiat, in the following way: Recall 
[10] that a smooth connection A on ^ is said to be central provided its curvature Ka 
is a 2-form on M with values in the Lie algebra z of the centre Z of G. To apply 
what is said above to a central connection, write Zf, for the connected component 
of the identity of Z, let G'^ — G j Z^^ -P* = -P/-^e, and consider the induced principal 
G** -bundle ^*:P* — ^ M\ since the adjoint representation of G on (7 factors through a 
representation of G* the bundle ^ is still a principal one for ad(^). Consequently a 
central connection A on ^ induces a fiat connection A^ on ^\ the operator dA of 
covariant derivative is then a differential on 0*(M, ad(^)), and we can apply what 
is said above to the vector bundle C, = ad(^) and corresponding principal bundle ^K 
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Maintaining the notation established in Section 2, we suppose that the smooth closed 
curves wi , . . . , Wn are the 1-cells of a cell decomposition of M with the single zero 
cell Q, and we thus in particular identify the fundamental group tti{M^,Q) of the 
1-skeleton M^ of M with the free group F. Let, then, A be a central connection 
on ^, and let (p = p{A): F -^ G. With reference to the image of Q in P**, the 
homomorphism (p manifestly passes to the standard holonomy homomorphism from 
TT to G'^ for the resulting flat connection A^ on ^K Abusing notation somewhat, we 
write g^f) for the Lie algebra g together with the 7r-module structure induced by (j) and 
hence by A; the resulting twisted integration mapping, with target the corresponding 
cellular cochains, then looks like 

(4.4) (O*(M,ad(0),c^A) -^ {CU{M,g^),d) 

and induces, in particular, an isomorphism Int^ from H^(M, ad(^)) onto H*(M, (7,^). 
When M is aspherical, the complex of cellular chains C^'^^^{M) of the universal cover 
M with its right 7r-module structure is a free resolution of the ground ring in the 
category of right 7r-modules; when M is not aspherical, a free resolution P is obtained 
by adding to C^^^^{M) more generators in degrees > 2. Consequently, whatever right 
TT-module U, the canonical map from H*(7r,t/) to H*(M, t/) is an isomorphism in 
degree 1 and we shall take it to be the identity, the first cohomology of n being 
computed from P. Thus the isomorphism induced by the twisted integration mapping 
furnishes, in degree 1, an isomorphism Int^ from H3i(M, ad(^)) onto H^(7r,(70) while, 
for aspherical M, in arbitrary degree, it yields an isomorphism Int^ from H^(M, ad(^)) 
onto H*(7r, 



5. Representation spaces 

It remains to rework and extend the classical relationship between the infinitesimal 
structure of representation spaces and group cohomology, cf. [27], [31], [32]. Some 
care is necessary here since central connections which are not necessarily flat will 
come into play later. 

Let 

(5.1) V = {xi,...,Xn]ri,...,rra), 

be a presentation of a flnitely presented group tt, and write F for the free group 
on xi, . . . , Xm so that tt = F/N , where A^ refers to the normal closure of ri, . . . , r^. 
Recall that, given an element w E F, over any ground ring R, the right Fox derivative 
-^ E RF with respect to the variable Xj, 1 < j < n, is given by the equation 

i-,.=5:(i-x,)|^e/F. 

Here as usual IK = ker (e: RK — > R) refers to the augmentation ideal of a group 
K. The usual description of a principal bundle with structure group acting on the 
right forces us to use here right Fox derivatives which are less common than left 
Fox derivatives. The Fox calculus, applies to the presentation V, yields the sequence 

(5.2) RiVy.RF ^ i?F [xi, . . . , x„] ^ i?F [n, . . . , r J 
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involving the free right i?F-modules having ri,...,rm, and xi,...,Xn as bases, 
respectively; further, the operators df are given by certain explicit formulas; we 
reproduce them only for the case m = 1, which is our primary case of interest, and 
we write r instead of ri: 



d[ 



dr dr "' 



^ , ,. :RF[r]-^RF[xi,...,Xr 

ox I OXnj 

di = [1- Xl,- ■ ■ ,1 -Xn]: RF [xi, . ..,Xn] -^ RF, 



where * refers to the transpose of a vector. Modulo A^, (5.2) yields the beginning 
R(P) of a free resolution of the ground ring R, viewed as a trivial i?7r-module, in 

the category of right i?7r-modules; the distinction between R('P) and R('P) will be 
important in [13]. 

Given a right i?F-module U, with structure map x from F to Aut(t/), application 
of the functor Homj^i?(— , t/) to (5.2) yields the sequence Homiji;'(R('P), t/) which, in 
view of the obvious identifications Homi^i?(Ro('P), t/) = U, Homi^i?(Ri(P), t/) = t/", 
B.ouvrf{^^),U) =t/"^, looks like 

(5.3) Homflj.(R(P),t/):t/^t/"^t/'^. 

Here the operators 5^ depend on the i?F-module structure on U while the modules 
jjm^ jjn^ jj (igpgnfi only on the presentation whence the notation. When x factors 
through a right i?7r-module structure on U, (5.3) is a cochain complex (C*(P, t/), 5*) 
computing low dimensional cohomology groups of tt with coefficients in U . Further, 
the subgroup of 1-cocycles Z^{V, U) = ker(5^) then depends only on tt, g^ and x, and 
not on a choice of presentation (5.1), and we shall therefore write Z^{ti,U) instead 
of Z^{V,U). 

Henceforth we take i? = R, the reals, and U = g, the Lie algebra of G, viewed 
as a right G-module in the usual way. The assignment to {xi^i)^ ■ ■ ■ iXi^n)) of 
X € Hom(F, G) identifies Hom(F, G) with G"^, and that of the m-tuple 

V llX"^!? • • • 7 X'^nji • • • 7 fm.yX'^li ■ ■ ■ ■) X'^nj) 

to X G Hom(F, G) yields a smooth map $ from Hom(F, G) to G^. Moreover, for 
every x ^ Hom(F, G), we denote by u^ the smooth map from G to Hom(F, G) which 
assigns x~'^x^ ^ Hom(F, G) to x & G. For later reference we reproduce the tangent 
behaviour of these maps: 

Let X be a homomorphism from F to G; we write g^ for the Lie algebra g, viewed 
as a right F-module via x and the adjoint representation. The homomorphism x 
being viewed as the point y = (yi,...,y^) = (x(a^i), ■ ■ • , x(3^n)) of G", its operation 
of left translation L^ from g"^ to T^Hom(F, G) amounts to L^^ x ■ ■ ■ x Ly^ from g"^ 
to Ty^G X ■■■ X Ty^G. Accordingly, we write L$(^) for the corresponding operation 
of left translation from g"^ to T$(^)G"^ = Tr^(y)G x ■■■ x Tj,^(y)G. The following is 
well known, cf. [8], [27], [31], [32]. 



14 JOHANNES HUEBSCHMANN 

Proposition 5.4. The tangent maps TgCU^ and T^$ and the operations of left 
translation make commutative the diagram 



Id 



L, 



L#(x) 






where (5° and 5^ refer to the corresponding operators in (5.3), for U = g^. 

For a homomorphisin x from F to G having the property that each xi^j) li^s in 
the centre of G, the Lie algebra g inherits a structure of a right yr-module which we 
still denote by g^. 

Corollary 5.5. At a homomorphism x from F to G having the property that each 
x(rj) lies in the centre of G, left translation L^ from C^{V,g^) = g^ to T^Hom(F, G) 
identifies the subspace Z^^n^g^) of 1-cocycles with the kernel of the tangent map 
T^$ from Tj^Hom(F, G) to T,j>(^-)G"^ and, moreover, the subspace B^{7r,g^) of 1- 
coboundaries with the tangent space T-^(Gx) ^ T^Hom(F, G) to the G -orbit Gx of x 
in Hom(F, G). 

Proposition 5.6. For every x ^ Hom(F, G) having the property that each xi^j) lies 
in the centre of G, for each x E G, the vector space automorphism Ad(x) of g is an 
isomorphism of right Hiv-modules from g^ to g^x o.rid hence induces an isomorphism 
Adb(x) from R^in.g^) onto }i^{7T,g^^). 

Proof. This is left to the reader. D 

We now have the machinery in place to relate the derivative of the Wilson loop 
mapping (2.6) with twisted 1-cochains and integration. We suppose that (5.1) is 
the presentation V of the fundamental group tt = tti (M, Q) having generators and 
relations represented by the smooth closed curves wi, . . . ,Wm cf. Sections 2 and 4 
above, and attaching maps of the 2-cells of the cell decomposition of M, respectively. 

Let A be a central connection on ^, let (p = p{^)'-F -^ G and, as before, write (7^ 
for the Lie algebra (7, with the yr-module structure induced by (f). Notice the cellular 
1-cochains G^gn(M, (7,^) coincide with the 1-cochains C^(V,g(f)) with reference to V, 
cf. (5.3). 

Theorem 5.7. The differential dp{A):TAA{C) -^ T^Hom(F, G) of the Wilson loop 
mapping p from A{^) to Hom(F, G) amounts to the composite of the twisted integration 
mapping from T^^(^) = 0-'^(M, ad(^)) to C^{V,g(f>) with left translation L<^ from 
C\V,g^)=g'' to T<^Hom(F,G). 

Proof. In view of what was said about the map from M to P in the proof of (4.1) 
and, furthermore, in view of the description (4.4) of the twisted integration mapping, 
the statement follows at once from (2.7) and the fact that the cellular 1-cochains 
G^gn(M, (7^) coincide with the 1-cochains G^(P,(7^). D 
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6. Reduction of the smooth structures to the local models 

We return to the situation of the Introduction. For intelligibility we assemble at first 
a number of facts established in our papers [10] — [12]. 

The orthogonal structure on g combined with the usual wedge product of forms A 
and integration induces a non-degenerate bilinear pairing (■, ■) between 0*(E,ad(^)) 
and n^~*(E, ad(^)) given by (C, A) = j^C, /\\. In particular, this furnishes a weakly 
symplectic structure a on 0^(E,ad(^)) and hence one on A{i), cf. [4], [10] (1.1). 
Furthermore, the space n^(S,ad(^)) of 2-forms being identified with the dual of 
0'^(E, ad(^)) via (■, ■)? the assignment to a connection A of its curvature Ka yields a 
momentum mapping J from A{^) to 0^(E, ad(^)), for the action of the group Q{i) 
of gauge transformations on A{i), cf. [4]. 

Let A be a central Yang-Mills connection, fixed until further notice. Its operator 
(i^: 0*(E, ad(^)) ^ 0*+^(E, ad(^)) of covariant derivative is a differential. Hence the 
cohomology H^ = H^(E,ad(^)) is defined. The Lie bracket on g induces a graded Lie 
algebra structure [■, ■]a on H^ and the orthogonal structure on g together with (-, ■) 
a non-degenerate graded bilinear pairing {■■,■) a between H^ and H^~*. In particular, 
the latter identifies H^ with the dual of the Lie algebra Y{\ = za of the stabilizer 
Za ^ Q{0 of ^7 ^^^ the constituent of {■, ■)a in degree 1 is a symplectic structure a a 
on H^. Moreover the assignment to t] E H^ of Qa{v) = ^[v^vIa yields a momentum 
mapping 0^ from H^ to H^ for the Z^-action on H^, cf. [10] (1.2.5), in fact, the 
unique one with 0^(0) = 0. Write H^ for its reduced space. By [10] (2.32), the 
reduced space H^ is a local model for N{^) near [A] in the sense that the data 
induce a homeomorphism of a neighborhood of [0] G H^ onto a neighborhood of [A] 
in N{^). Our aim is to show that H^ is a local model near [A] for all the structure 
of interest to us. To this end we observe first that H^ inherits an obvious smooth 
structure which we explain under more general circumstances: 

Let M be a (finite dimensional) symplectic manifold, with a hamiltonian action 
of a compact Lie group K and momentum mapping // from M to k*, and let 
V = //~^(0) denote its zero locus, so that the reduced space looks like M^ed — V/K. 
With respect to the decomposition into connected components of orbit types, the 
algebra of Whitney smooth functions 

(6.1.1) C°^{V) = C°^{M)/Iv, 

where ly refers to the ideal of functions that vanish on V, endows V with a smooth 
structure; likewise, the algebra 

(6.1.2) C°°(Mred) = C°^{M)^/{Iv n (C°°(M)^)) 

yields a smooth structure on the reduced space in an obvious fashion, where C°°{M)^ 
refers to the subalgebra of X-invariant functions. By construction, C°°(Mi-ed) is an 
algebra of continuos functions on Mj-ed- In particular, this construction, applied to 
M = }i\, fx = G^, and K = Za, yields the smooth space (H^, C°°(H^)). Our present 
aim is to show that the latter is a local model for (A^(^), C°°(A^(^))) near \A\ E N(^). 

Let {XjC°^{X)) be a smooth space, and let Y be an open subset of X. In 
order to avoid to have to talk about sheaves of germs of smooth functions, we 
define a notion of induced smooth structure on Y in the following way: We shall 
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say that a continuous function / on y is smooth if every point y of Y has an 
open neighborhood U so that the restriction of f to U coincides with the restriction 
to t/ of a smooth function on X, that is, a member of C°°{X). These smooth 
functions on Y constitute an algebra C°°{Y) of continuous functions on Y which we 
refer to as its induced smooth structure. Notice the restriction map from C°°{X) 
to C°°(y) is not in general surjective. When X is a smooth manifold, with its 
standard smooth structure, and Y an open subset of X, the algebra C°°{Y) is that 
of smooth functions on Y in the ordinary sense. 

Theorem 6.2. Near [A] G N{^), the smooth space (H^,C°°(H^)) is a local model 
for {N{^),C°°{N{^))). More precisely, the choice of A (in its class [A]) induces a 
diffeomorphism of an open neighborhood Wa of [0] G H^ onto an open neighborhood 
Ua of [A] G -/V(0; where Wa and Ua are endowed with the induced smooth structures 
C°^{Wa) and C°°{Ua), respectively. 

To spell out the representation space version of (6.2), let 4> = p{A):r — * G. Every 
-0 G Hom^(r, G) is manifestly of this form and, given such a, tp, a, central Yang- 
Mills connection on ^ which is mapped to -0 under p is unique up to based gauge 
transformations; see [12]. The same kind of structure as that denoted above by (■, ■)a, 
©A, and [•,-]ai is available on H^ = H*(7r, (7,^) and the twisted integration mapping 
from H^ to H^ identifies the respective structures. In particular, the Lie bracket 
on g induces a graded Lie algebra structure [■,-]0 on H*. Further, the orthogonal 
structure on g induces a graded non-degenerate bilinear pairing on H^ which in 
degree 1 amounts to a symplectic structure cr^ on H^, and the assignment to ry G H^ 
of Qcj,{ri) = ^[r],r]](t, yields a momentum mapping G^ from H^ to H|, for the action 
of the stabilizer Zff, C G of (p E Hom^(r, G) on Hi; notice that the surjection (1.1) 
passes to an isomorphism from Za to Z^ identifying the stabilizers. Moreover, the 
construction (6.1.2), applied to M = H^ p = 0<^, and K = Z^, yields the smooth 
space (H^,C°°(H<^)). 

Theorem 6.3. Near [(^] G Rep^(r, G), the smooth space (H<^, G°°(H0)) is a local 
model for the smooth space (Rep^(r, G), G°°(Rep^(r, G))). More precisely, the choice 
of (/) (in its class \(^) induces a diffeomorphism of an open neighborhood W(f, of 
[0] G H<^ onto an open neighborhood t/<^ of [(/)] G Rep^(r,G), where W(f, and U(f, are 
endowed with the induced smooth structures G°°(VF<^) and C°°{U(f,), respectively. 

Addendum. Under the circumstances of (6.2) and (6.3), for suitable choices of the 
data, twisted integration identifies the local models. More precisely, for a suitable 
choice of the data, the twisted integration mapping IntA from H^ to H* and the 
Wilson loop mapping p\, from N(^) to Rep^(r, G) fit into a commutative diagram 

Wa > Ua 

W^ > U4, 

of diffeomorphisms between smooth spaces, the four spaces being endowed with the 
smooth structures mentioned earlier; here IntAa denotes the map induced by twisted 
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integration and p\j\ the restriction of the Wilson loop mapping to Ua, and the unlahelled 
horizontal arrows are the maps coming into play in (6.2) and (6.3). 

The proofs of (6.2) and (6.3) require some preparation. Near A, the pre-image 
Aa = J~^ (^^(^5^*^(0)) of ^^^ space 7Y^(E, ad(^)) of harmonic 2-forms is a smooth 
Z^-invariant submanifold of A{^), cf. [10], and the operator dA gives rise to the 
exact sequence 

(6.4) -. TaAa -^ TaA{0 ^ ^'(S, ad(0) -^ Hi(S, ad(0) -. 

of real vector spaces whence, in particular, TaAa = ■^a(^' ^d(^)), the corresponding 
space of 1-cocycles; here the tangent space T^^(^) is identified with n^(E,ad(^)) 
as usual. Let Ma be a smooth finite dimensional Z^-invariant submanifold of Aa 
containing A, of the kind coming into play in the proofs of [10] (2.32) and [11] 
(1.2); in particular, T^A^^ = 7Y^(E, ad(^)), the subspace of harmonic 1-forms in 
0^(E,ad(^)); in (6.11) below we shall pick AiA suitably. We remind the reader 
that M{C) ^ -^(0 denotes the subspace of central Yang-Mills connections. It is clear 
that the assignment to a pair (7, A) in Q{C) ^ -^(0 of 7(^) induces an injective 
^(^)-invariant immersion 

(6.5) g(^)y,^^MA--A{0 

identifying Q{^) Xza M.a with a smooth ^(^)-invariant codimension submanifold 
of Aa containing a ^(^)-invariant neighborhood of A in A/'(^). In particular, the 
derivative of this immersion at A amounts to the inclusion of Z^(E,ad(^)) into 
Oi(E,ad(e)). 

By [10] (2.18), the 2-form a on A{^) passes to a symplectic structure ua on 
the smooth manifold M-a, and J induces a momentum mapping ^a from M.a ^o 
H3i(E,ad(^)) for the Z^-action, with '(}{A) = 0; here H^(E,ad(^)) is identified with 
the dual z*a of the Lie algebra za = H|4(E,ad(^)) as explained above; see (2.21) in [10] 
for details. We now consider the Marsden-Weinstein reduced space Wa = ^^^(0)/^a- 
It is obvious that (6.5) induces an injection 

(6.6) Wa -^ iV(0 

of Wa into A^(0 identifying Wa with an open neighborhood Ua of [A\ in A^(^), and 
in this way (6.6) furnishes a model of a neighborhood of [A\ in N{^). Likewise, the 
composite of (6.6) with the Wilson loop mapping pt, from N{^) onto Rep^(r,G) is 
an injection 

(6.7) W^-.Rep^(r,G') 

of Wa into Rep^(r,G) identifying Wa with an open neighborhood t/^ of [(/)] in 
Rep^(r,G) whence (6.7) furnishes a model of a neighborhood of [(/)] in Rep^(r, G). 
With respect to the decompositions into connected components of orbit types, the 
embeddings (6.6) and (6.7) are decomposition preserving. The construction (6.1.2) 
applied to M = W^, /U = ??a, and K = Za, yields a smooth structure C^iy^^A) 
on Wa, and the embeddings (6.6) and (6.7) are smooth since they preserve the 
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decompositions into orbit types. Let C°°(t/^) and C°^{U(f)) be the induced smooth 
structures on Ua and t/<^, respectively; it is obvious that (6.6) and (6.7) induce 
smooth maps 

(6.8) (Wa,C°°(W^) -. (t/A,C°°(t/^)) 
and 

(6.9) (Wa, C°°(Wa)) -^ (t/^, C°^m)). 

Moreover the Wilson loop mapping from A^(^) to Rep^(r, G) passes to a smooth 
map 

(6.10) {Ua, C^{Ua)) -^ {U^, C^{U^)) 

in such a way that (6.9) is the composite of (6.8) and (6.10). Since each of (6.8), 
(6.9), (6.10) are homeomorphisms between the underlying spaces, the induced maps 
C°°(t/^) -^ (^"^(Wa) etc. between the algebras of smooth functions are injective. 
We now show that they are surjective, for a suitable choice of the data. This will 
almost establish the statements of (6.2) and (6.3), except that Wa comes into play 
rather than an open neighborhood Wa of [0] G H^. We proceed as follows: 

The composite 

(6.11.1) ^(0 ^z^Ma-^ Hom(F, G). 

of (6.5) with the Wilson loop mapping from A{^) to Hom(F, G) is ^(^)-invariant, 
with respect to the ^(^)-action on Hom(F, G) induced by (1.1) and, furthermore, 
factors through the obvious surjection 

(6.11.2) g{i) xz^ Ma-^G xz^ Ma 
and hence passes to a smooth G-invariant map 

(6.11.3) Gxz^Ma-^ Hom(F, G). 

Proposition 6.11. For a suitable choice of M.a, the map (6.11.3) is a smooth 
injective G-invariant immersion identifying G Xz^ M.a with a smooth G-suhmanifold 
of Hom(F, G) containing a G-invariant neighborhood of (j) in Hom^(r,G'). 

To prepare for the proof, we recall that the tangent space Ta-Ma equals the 
space ?i3i(S, ad(^)) of harmonic 1-forms and the tangent space T(eA)(^(^) Xz^A4a) 
equals the space Zj^(E,ad(^)) of 1-cocycles; the latter, in turn, decomposes into the 
direct sum of i?^(E,ad(^)) and 7i3i(S, ad(^)). At the point (e,A), the tangent space 
of G Xz^ M.A equals likewise the direct sum of B^^n^gfj^) and ?i3i(S, ad(^)), and the 
smooth map (6.11.2) has tangent map 

(6.11.4) S3i(E, ad(0) © n\{T., ad(0) i^^^^^^ B\t,, g^) ® n\{T., ad(a) 

where IntAJ refers to the restriction of the twisted integration mapping Int^ from 
0*(E,ad(^)) to C*(P, (7,^), cf. (4.4), to the 1-coboundaries. However, the restriction of 
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the twisted integration mapping to the subspace of 1-cocycles Z^(E,ad(^)) amounts 
to a surjection of Z^(E, ad(^)) onto Z'^(7r, (7,^), as inspection of the commutative 
diagram 

> H^i ^ 0° > Z\ > R\ ^ 



H" > CO > Zl . Hi > 



with the obvious unlabeUed arrows reveals, where we have written H^ = H^(E,ad(^)), 
fiO = O0(j^^ad(^))^ Zi^ ^ Z3i(E,ad(0), H; = H*(7r,^^), C^ = C^{V,g^), Z\ = 
Z^(n,g^) for short. The diagram has exact rows; its outermost columns are isomor- 
phisms; and the arrow from 0° to C° is manifestly surjective. This implies that 
(6.11.4) is surjective. In fact, write 7i*(7r,(7<^) for the isomorphic image in Z'*(7r,(7<^) 
of the subspace of harmonic forms 7i^(E,ad(^)) in n*(E,ad(^)) under the twisted 
integration mapping Int^ so that the canonical epimorphism from Z*{'n',g^) onto 
H*(7r,(7^) passes to an isomorphism from 7i*(7r,5r^) onto H*(7r,(7<^). The direct sum of 
i?^(7r,(7<^) and 7i^(7r,(70) equals the space Z^{Tv,g(f,) of 1-cocycles, and the surjection 
of Zj^(E,ad(^)) onto Z^{Tv,gtf)) factors through the induced isomorphism (Id, Int^) 
from i?^(7r, (70)©7i3i(S, ad(^)) onto B^{tt, g(f,)Q)Ti.^{n,g(j)), whence (6.11.4) is surjective. 
Consequently (6.11.2) a submersion near the point (e, A). 

Proof of (6.11). The tangent map of (6.11.3) at the point (e, A) is the composite of 
(i) the isomorphism (Id,Int^) from B^{7r,gff,)Q)'H\{'E,a,d{^)) onto i?^(7r, (70)©7i^(7r, (7^), 
(ii) the inclusion of i?^(7r, ^t,^) © 7i^(7r, (7,^) = Z^{7t, gcf,) into C^iV.gtf)) and, finally, 
(iii) left translation L^ from C^iV^g^j,) to T0Hom(F, G). 

In fact, in view (5.7), the derivative of (6.11.1) at A amounts to the twisted 
integration mapping Int^i from 0^(E,ad(^)) to C^{V,g(f>), restricted to the tangent 
space T^^^ = Z^(E,ad(^)) C 0^(E,ad(^)), combined with left translation L^ from 
C^(V,g(j)) to T0Hom(F, G). However it is manifest that this tangent map factors 
through the map from Z^(E,ad(^)) onto Z^{Tv,gtf)) = i?^(7r, (7^) © 7i^(7r, (7,^) induced 
by the twisted integration mapping and hence through (6.11.4). Hence the tangent 
map of (6.11.3) at the point (e, A) decomposes into the three pieces (i) - (iii) and is 
therefore injective since so is the inclusion of Z'^(7r,5f<^) into C^{V,g^). This implies 
that the smooth map (6.11.3) is an immersion near {e,A); hence, for a suitable 
choice of A4aj it is injective. 

Finally, since Q{C) ^Za -^a^ viewed as a smooth ^(^)-invariant codimension 
submanifold of Aa via (6.5), contains a ^(^)-invariant neighborhood of A in A/'(^), 
and, furthermore, since (6.11.2) is a submersion, the image of G xz^ M.A under 
(6.11.3) contains a G-invariant neighborhood of (f) in Homg(r,G') as asserted. D 

Henceforth we assume that the smooth manifold M.a has been chosen in such a 
way that (6.11.3) is injective. This enables us to relate the smooth structures of 
A^(^) near [A\ and of Rep£(r, G) near [cj)] with that of Wa near A by means of 
(6.11.3). 

To verify surjectivity of the induced map from C°°{U(j,) to C°°{Wa), let HiWa -^ R- 
be a function in C°°{Wa)- Then there is a unique continuous function / on t/^ 
whose composite with (6.9) equals h. We must show that / lies in C°°(t/<^). In 
order to see this, let if be a smooth Z^-invariant function on A^^ representing h. 
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Abusing notation, we denote its canonical extension to a G-invariant function on 
G ^Za -^a by H as well. The space G Xz^ -Ma being identified with a smooth 
G-invariant submanifold of Honi(F, G) via (6.11.3), we must show that H extends 
locally to a G-invariant function on Hom(F, G). However, given a homomorphism t/j 
from r to G in the image of (6.11.3), there is an open G-invariant neighborhood U 
of -0 in the image of (6.11.3) and a smooth G-invariant function H on Hom(F, G) 
whose restriction to U coincides with the restriction of H to U. By construction, 
H represents a function in G°°(Rep£(r, G)) and hence one in C'^{U(j,) which, on a 
neighborhood of [t/j] in U^, coincides with /. Since t/j is arbitrary, this shows that / 
is smooth as asserted, that is, lies in C°^{U(f)). Consequently (6.9), and hence (6.8) 
and (6.10), are diffeomorphisms of smooth spaces. 

To complete the proofs of (6.2) and (6.3) we recall that, by [10] (2.31), a suitable 
Kuranishi map furnishes a Z^-equi variant symplectomorphism ^a from AiA onto a 
Z^-invariant ball Ba in H3i(E, ad(^)) about the origin, cf. [10] (2.29), and this map 
preserves the momentum mappings G^ and i^A- Marsden-Weinstein reduction applied 
to Ba and Ga, restricted to Ba, then yields the open subspace Wa of H^ we are 
looking for, and the Kuranishi map induces a homeomorphism of a neighborhood of 
[A] in A^(^) onto Wa- See [10] (2.32) for details. Moreover the construction (6.1.2) 
applied to M = Ba, A* = ^a, restricted to Ba, and K = Za, yields a smooth structure 
C°^{Wa) in such a way that $a induces a diffeomorphism from (Wyi,G°°(>VA)) onto 
{Wa,C°°{Wa))- Hence the data induce a diffeomorphism of {Wa,C°°{Wa)) onto 
{Ua,C°°{Ua))- This completes the proof of Theorems 6.2. The same construction 
applies to the image S^ of Ba in H^, under the twisted integration mapping Intyi 
from H^ to Hj,, the momentum mapping G<^, and the stabilizer Z^ of (p; it yields 
the open subspace W(f, of H^ we are looking for and a smooth structure G°°(VF<^), 
together with a diffeomorphism of (VF,^, G°°(VF^)) onto (t/^, G°°(t/<^)). This completes 
the proof of Theorems 6.3. Moreover, the constructions have been carried out in 
such a way that the statement of the Addendum is immediate. D 

We now proceed towards the proof of (3.8). Henceforth A will denote a central 
Yang-Mills connection which is no longer fixed. At first, we must show that the 
restriction of a smooth function on A^(^) and likewise on Rep£(r, G) to a stratum is 
a smooth function on the stratum in the ordinary sense. In view of (6.2) and (6.3), 
it suffices to prove that, under the circumstances of the construction (6.1.2), the 
restriction of a smooth function in G°°(Mi-ed) to a piece of Mj-ed is smooth in the 
ordinary sense. However this amounts to the fact that the restriction to a smooth 
submanifold of a smooth function defined on a smooth manifold is smooth on the 
submanifold. 

As immediate consequence of the Addendum to (6.3) we see that the Wilson loop 
mapping from N{$^) to Rep^(r, G) is locally a diffeomorphism. To see that this is 
globally so, we establish the existence of suitable partitions of unity. We begin with 
the following the proof of which is routine and therefore left to the reader. 

Lemma 6.12. Let W be a finite dimensional complex representation of a compact 
Lie group K, and let B be an open K -invariant neighborhood of the origin. Then 
there are open K -invariant neighborhoods Q and R of the origin with Q C R and 
R <^ B, together with a smooth K -invariant real-valued function H on B with 

H\Q = 1, H\B\R = 0. 
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Under the circumstances of (6.12), suppose the iiT- representation is unitary, let fx 
denote its unique momentum mapping from W to k* having the value zero at the 
origin, let VFred be its reduced space, and let C°°(VFred) be the corresponding smooth 
structure (6.1.2). Here is an immediate consequence of (6.12). 

Corollary 6.13. Let P he an open neighborhood in VFred of the class [0] of the 
origin, with its induced smooth structure C°°{P). Then there are open neighborhoods 
Q and R in VFred of [0] with Q C R and R C P, together with a smooth function 
h e C^{P), with 

h\Q = l, h\P\R = 0. 

Corollary 6.14. Given an arbitrary open neighborhood U^a] of the point [A] of N{^), 
there are open neighborhoods Q[a] and R[a] of [A] in N{^), with Qia] — ^[A] o,nd 
R[A] ^ U[A], together with a smooth function h\^A] on N{^) with 

h[A]\Q[A] = h h[A]\N{O\R[A]=0- 

Likewise, given an arbitrary open neighborhood t/j,^] of the point [(j)] o/ Rep^(r, G), 
there are open neighborhoods (5[<^] and i?[<^] of [(/)] in Repg(r, G), with Qr^i C R^^-^ and 
R[(j)] ^ U[(j)-], together with a smooth function /i[<^] on Rep^(r, G) with 

h<t>]\Q[4>] = 1' ^[<^]|R'ep^(r, G) \-R[0] = 0. 

When [(/)] = p\)[A] and t/j^j = p\){U[A]), under the Wilson loop mapping p\, from N{^) 
to Rep^(r,G'), things may be arranged in such a way that p\, identifies Q[a], R[a], 
and h[A] with respectively Q[(f,], R[4,], and /ij^j. 

Proof. This is a consequence of (6.2), (6.3), its Addendum, and (6.13). D 

For each point [A] of N{^), pick an injection of Wa into A^(^) of the kind coming 
into play in (6.2) above, and write Ua ^ -^(0 ^^ ^be image of Wa in N{^), so that 
Ua is an open neighborhood of [A] in N{^), as in (6.2); we then write (p = p{A) and 
U(j, C Rep^(r,G) for the image of Ua under the Wilson loop mapping, as in (6.3). 
Here is our third main result. 

Theorem 6.15. There is a finite open cover of N{^) by open sets of the kind Ua 
together with a smooth partition of unity subordinate to this cover. Moreover, there 
is a finite open cover of Rep^(r, G) by open sets of the kind t/<^ together with a 
smooth partition of unity subordinate to this cover in such a way that the Wilson 
loop mapping identifies the covers and partitions of unity. 

Proof. By (6.14), for every central Yang-Mills connection A, there are open neighbor- 
hoods Q[A] and R[A] of [A] in N{^), with Q^a] ^ R[A] and R[a] ^ U[A]iO^ together 
with a smooth function H^a] on A^(^) with 

h[A]\Q[A] = h h[A]\N{O\R[A]=0- 

The subsets Q[a] constitute an open cover of N{^). Since N{^) is compact, there is 
a finite subcover {<5i, . . . , Qm}- Each Qx lies in some Ux; the corresponding family 
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{U\} is the open cover of N{^) we are aiming at. Moreover, for each A, there is 
a function h\ G C°°{N{^)) so that hx has the constant value 1 on Q^^ and is zero 
outside an open neighborhood of Qx in Ux- Let h = '^hx; then h G C°^{N{$,)) and 
h[A\ > 1, whatever [A] G N(^). The family {ca}, where ex = -jf-, then furnishes the 
desired partition of unity. 

The same kind of construction yields the asserted open cover and smooth partition 
of unity for Rep^(r, G), and the Wilson loop mapping identifies the covers and 
partitions of unity. D 

We can now complete the proof of Theorem 3.8: Let {hi, . . . , hm} be the partition 
of unity subordinate to the open cover {t/i, . . . , Um} in (6.15). Given / G C°° (A^(^)), 
let fx = fhx; this is a smooth function, that is, fx G C°° (A^(^)). By construction, 
each fx has a pre-image in C°° (Rep^(r, G)). Consequently / has a pre-image in 
C~ (Rep^(r,G')) whence the map from C°° (Repg(r, G)) to C^ {N{C)) induced by 
the Wilson loop mapping is surjective. This completes the proof of Theorem 3.8. 

7. Cohomology, Zariski tangent spaces, and local semi-algebraicity 

In this Section we study the infinitesimal structure of our spaces of interest. 

Given a smooth space (X, G°°(X)), for each point x E X, the ideal mx of x 
consists of all functions in C'^{X) vanishing at x; as usual, the space of differentials 
0^(X) at X is the vector space Q^d^) = i^x/iHx' ^^^ ^^e Zariski tangent space T^X 
is the dual space T^X = Q^iX)* = (m^^/m^) . When X is a smooth manifold near 
a point X in the usual sense, with standard smooth structure near x, the Zariski 
tangent space boils down to the usual smooth tangent space T^X whence there is no 
risk of confusion in notation. Here is another well known description of the Zariski 
tangent space: Let x E X and view R as a G°°(X)-module, written R^;, by means 
of the evaluation mapping from G°°(X) to R which assigns to a function / its value 
f{x) at X E X; now a derivation at x G X is a linear map d from C"^{X) to R 
satisfying the usual Leibniz rule 

d{fh) = {df)h{x) + f{x)dh. 

We denote the real vector space of all derivations of C°°{X) in R^^ by Der(G°°(X), R^). 
For X G X, the assignment to ^ G T^X of the derivation d^p at x given by 
d^if) = (pif-f:,) identifies T^X with Der(G-(X), R,); here / G G-(X) and /, 
denotes the function having constant value f{x). 

Given smooth spaces {X,C°°{X)), {Y,C^{Y)), and a smooth map (p from X to 
y, the derivative at a point x G X is the dual dcpx'-T^xX — » T^pxY of the linear map 
from m^(^)/m^^^^ to nix/ml induced by (j). 

Let (X, G°°(X)) be a smooth space, and let U be an open subset of X. We shall 
say that a smooth function /i on X is a bump function with support in U if there 
are open subsets Q and R of X with Q C R and R ^U , so that 

h\Q = l, h\X\R = Q. 

Given a point x of X, we shall say that X has smooth bump functions arbitrarily 
close to X if for every open neighborhood U oi x in X there is a smooth bump 
function h having the value 1 near x, with support in U . From Corollary 6.14 above 
we deduce at once the following. 
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Proposition 7.1. The spaces N{^) and Rep^(r, G) have smooth hump functions 
arbitrarily close to every point. 

Let (X, C°°(X)) be a smooth space having smooth bump functions arbitrarily 
close to every point. We recall the following well known fact and reproduce a proof 
for completeness: 

Proposition 7.2. For every connected open subset Y , with induced smooth structure 
C°°(y), the inclusion j from Y to X induces an isomorphism of Zariski tangent 
spaces for every x eY . 

Proof. If / is a smooth function which is constant on a neighborhood U of x E X, 
then df is zero for every derivation d from C°°{X) to R^;. In fact, the differential 
of a constant function (on X) is zero, and hence we may assume that / has the 
value zero on U. Given a bump function h with support in U, we then have 

= d{fh) = dfh{x) + f{x)dh = df 

since h{x) = 1 and f{x) = 0. 

In particular, for every derivation d from C°°{X) to R^, the value dh is zero for 
every bump function h near x E X. Hence, given an arbitrary function / G C°°{X) 
and a bump function h near x, for every derivation d from C°°(X) to R^;, we have 

d{fh) = {df)h{x) + f{x)dh = df. 

Let X eY, and let h be bump function on X with h{y) = 1 near x having support 
in Y. Given a derivation d from C°°(X) to R^^ and / G C°°{Y), the function fh 
is defined on X, and df = d{fh) extends d to a, derivation from C°°{Y) to R^^. 
This shows the induced map from Der(C°°(y), R^) to Der(C°°(X), R^;) is surjective. 
Moreover if a derivation d from C°°{Y) to R^ goes to zero in Der(C°°(X), R^;), it 
must itself be zero since df = d{fh) for every / and every bump function h. D 

In view of (7.2), there is no need for us to talk about sheaves of germs of smooth 
functions in order to define Zariski tangent spaces etc. In fact, in view of (6.2), 
(6.3), and (7.1), (7.2) entails at once the following: 

Theorem 7.3. For every central Yang-Mills connection A, the inclusion of an open 
subspace of the kind Ua into N{^) induces an isomorphism of Zariski tangent spaces 
from T[a]Ua onto T[^]A^(^). Likewise, for every (j) G Hom^(F, G), the inclusion 
of an open subspace of the kind t/<^ into Rep^(r, G) induces an isomorphism of 
Zariski tangent spaces from Tj^^jt/^ onto T[<^]Rep^(r, G). Consequently a choice of 
representative A (in its class [A\) induces an isomorphism of Zariski tangent spaces 
from T[o]Ha onto T[^]A^(^), and a choice of representative (j) (in its class [(j)]) induces 
an isomorphism of Zariski tangent spaces from T[o]H<^ onto T[0]Repg(r, G). D 

This reduces the study of the Zariski tangent spaces to our local models, to which 
we now turn. Let W he a, finite dimensional unitary representation of a compact 
Lie group K, and let G denote its unique momentum mapping from W to k* 
having the value zero at the origin; further, let V = G~^(0), with smooth structure 
C°°{V) given by (6.1.1) and W^-ed = V/K, its reduced space, with smooth structure 
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C°°(VFred) given by (6.1.2). By (6.13), (W.ed^C'^iW.ed)) has smooth bump functions 
arbitrarily close to every point. Hence, by (7.1), the inclusion of an arbitrary open 
connected subset of W^ed containing the class [0] of the origin, with its induced 
smooth structure, induces an isomorphism of Zariski tangent spaces at [0]. The 
Zariski tangent space TqF of V at the origin equals the linear span Vect(y) of V in 
W, and projection from V to W^ed induces a linear map A from TqF to TjojVFi-ed- 
To deduce information about the Zariski tangent space T[o]VFred, we denote the space 
of iiT-invariants by W^ and its counter part, that is the space arising from dividing 
out the X-action, by Wk- The kernel Jk{W) of the canonical projection from W to 
Wk is the linear span of the elements xw — w, x E K, w E W. A little thought reveals 
that the orthogonal complement of W^ in W equals the subspace Jk(VF), that is, 
as a ^-representation, W = W^ © Jk(VF). Moreover, the zero locus V contains 
the subspace W^ of K-invariants, and the projection from V to VFred, restricted 
to W^ , is a homeomorphism identifying the latter with the (smooth) stratum S in 
which the class [0] of the origin lies. The (smooth) tangent space T^q-^S of 5" at [0] 
is thus just a copy of W^ , and the inclusion of 5" into VFred induces an injection 
of T[Q^S = W^ into T[o]VFred- Furthermore, with respect to the decomposition into 
connected components of orbit types, the algebra of invariants {C°°{W))^ endows 
the orbit space W/K with a smooth structure C°^{W /K), and the inclusion of 
Wj-ed into W/K is smooth. Since the induced map from C°"{W/K) to C°°(VFred) is 
surjective, the derivative T[o]VFi-ed ^' '^[o]{W /K) of this inclusion is in fact injective. 

Lemma 7.4. Suppose the zero locus V of spans W so that the Zariski tangent 
space TqF equals W whence the linear map A then goes from W to TjojVFred- Then 
A has kernel Jk{W) and image equal to the (smooth) tangent space TqS, viewed as 
a subspace o/T[o]VFred- In particular, A is injective and hence an isomorphism if and 
only if W is a trivial K -representation. 

In the language of p. 71 of [2], the condition says that, V being viewed as a 
constraint set, the "spanning condition" is satisfied at E V. 

Proof. View W as a, real vector space, consider the algebra R[VF] of real polynomials 
on W, and pick a finite set of homogeneous generators (ki, . . . , Kk) of the subalgebra 
R[VF]'^ of iiT-invariant polynomials. Then the Hilbert map k, from W to R'^ which 
assigns k{w) = (Ki(ty), . . . , Kfc(ty)) to a vector w eW descends to an injective map 
K from W/K to R'^. In view of a result of [28], with reference to the smooth 
structure C°^{W/K), the map k is proper, that is, the induced map from C°°(R'^) 
to C^CW/K) is surjective, and hence the derivative of k at the orbit [0] = ■ K is 
injective; further, when the number k is minimal, by a result of [22], this derivative 
is even an isomorphism from T^q'^(W/K) onto R'^. Thus, for k minimal, the canonical 
map from W to T[q]{W /K) comes down to the derivative dK{0):W —^ H^ of the 
Hilbert map at the origin, and the latter decomposes into the linear map A from W 
to T[o]VFred and the injection from T[o]VFred into T[q^{W /K) which embeds TjojVFred 
into a /c-dimensional vector space. However, W = W^ © Jk{W), and dK{0) vanishes 
on Jk^W) and identifies W^ with a subspace of R^, in fact, with what corresponds 
to the tangent space ToS". In particular, A to be injective means that W^ equals 
W, that is to say, that K acts trivially on W. D 

Next we recall the following well known fact. 
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Proposition 7.5. As a smooth space, VFred is semi-algebraic. 

We reproduce a proof, for reference in the next Section. 

Proof. After a ctioice of invariant polynomials {ki, . . . , Hk) has been made, by the 
Tarski-Seidenberg theorem, the resulting injective map k from W/K to R'^ realizes 
W/K as a semi-algebraic subset of R'^, in fact, of the real afRne categorical quotient 
W/ /K, that is, of the real afRne variety determined by a finite set of relations for 
the algebra of invariants R[VF]^. The composite of ^ with the canonical injection 
of VFred into W/K embeds VFred into R'^. To see this embedding is semi-algebraic, 
write ly for the ideal of V in R[VF] and consider the real afRne coordinate ring 
A[V] = Ii[W]/Iv of V. Since K is compact, the canonical map from Il[W]^ / ly 
to the iiT-invariants A[y]''^ is an isomorphism. Let (/>!,...,(/)£ be a finite set of 
generators of ly; when we write them out in the generators (ki, . . . , Kjt), we obtain 
a polynomial map $ from R^ to R^ so that M^red amounts to the intersection of 
W/K with the real afRne set $~^(0) whence W^ed is semi-algebraic in R'^. D 

Remark. We have seen above that the inclusion of W^-ed into W/K induces an 
embedding of the Zariski tangent space T[o]VFred into the Zariski tangent space 
T[Q]{W/K). The above embedding of W^ed into T[q]{W/K) passes to an embedding 
into T[o]VFred- In fact, the embedding of W/K into its Zariski tangent space is 
induced by the canonical embedding of W into its tangent space TqW which assigns 
to a vector w & W its directional derivative at the origin on smooth functions on 
W. It is obvious that this association passes to one which assigns to a vector w E V 
an element in the Zariski tangent space TqV^, viewed as a linear subspace of TqVF, 
and hence, by iiT-invariance, to an embedding of VFred into its Zariski tangent space 
T[o]W^red as a semi-algebraic set. An example will be examined in the next Section. 
We now apply the above to moduli spaces. For a central Yang-Mills connection 
A, we shall denote by Va the zero locus of the quadratic mapping G^ from H^^ to 
H^, cf. Section 6, and likewise, for (j) in Homg(r, G), by V^ the zero locus of the 
quadratic mapping G^ from H^ to H|. 

Lemma 7.6. For every central Yang-Mills connection A, the zero locus Va spans 
H3i(S, ad(^)). Likewise, for every (p in Hom^(r, G), the zero locus V^ spans H-'^(7r, (7^). 

The proof of this Lemma requires some preparation. We shall denote by A/'(^)~ 
the subspace of central Yang-Mills connections A having the property that the Lie 
bracket [■, -Ja is zero on H^. Recall that a description the space .4.^(0 ^^ ^ central 
Yang-Mills connection A has been reproduced in Section 6 above. It is proved in 
[10] (2.8) that, near a central Yang-Mills connection A, the space A/'(^) coincides 
with ^a(0 and hence is smooth near A, with tangent space TaA/'(^) equal to the 
space Z^(E,ad(^)) of 1-cocycles if and only if A lies in Af{^)~. Thus the subspace 
Af{^)~ is a smooth submanifold of A{C), and from the exactness of (6.4) we deduce 
that, for every point A of A/'(^)~, the operator of covariant derivative (Ia gives rise 
to the exact sequence 

(7.7) -. TA^f{0 -^ T^aA{0 ^ ^'(S, ad(0) -^ Hi(S, ad(0) -^ 

of real vector spaces. In fact, the points of A/'(^)~ are exactly the weakly regular 
points (p. 300 of [1]) for the momentum mapping J from A{^) to 0^(E, ad(^)), cf. 
Section 6. 
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Denote by A/'*°p(^) the subspace of A/'(^) which consists of central Yang-MiUs 
connections A having the property that Za acts triviaUy on H^(E,ad(^)), so that 
the top stratum A^*°p(^) equals A/'*°p(0/^(0. see our paper [11]. By [11] (1.5), 
there is a certain subgroup Z'*°p of G, unique up to conjugacy, such that under (1.1) 
the image of the stabilizer Za of every central Yang-Mills connection A in A/'*°p(^) 
is conjugate to Z*°p. Since G^ is a momentum mapping for every central Yang- 
Mills connection A, A/'*°p(^) is a subspace of A/'~(^), in fact, a smooth codimension 
zero submanifold since for every A G A/'*°p(^) the tangent map of the inclusion 
A/'*°P(0 ^A/'"(0 amounts to the identity mapping of Z^(E,ad(^)). 

In what follows, by the dimension dimVA of Va we mean the dimension of its 
non-singular part V^ C Va- 

Proof of (7.6). Since the top stratum iy*°P(0 is dense in A^(^), cf. [11] (1.4), 
arbitrarily close to [A] there is a point [A] in the top stratum, and we may assume 
that the group Z*°p is the stabilizer Z^ of A. Then a neighborhood of the point 
X of Va corresponding to A is the total space of a Z^-fibre bundle, having as base 
space a neighborhood of the class [x] in Va/Za and as fibre the homogeneous space 
Za/Z^°p. Consequently 

dimVA = dimT^Ki = dimA^*°P(^) + dimZ^ - dimZ*°P 
= dim H^ + dim Za - dim Z*°p. 

However, for every central Yang-Mills connection A, the twisted integration map- 
ping yields an isomorphism from H^(E,ad(^)) onto }i*{Tc,g-j). Now an Euler 
characteristic argument in the chain complex calculating the corresponding group co- 
homologies establishes equality between the two alternating sums dim H^ — dim H^ + 
dimH^ and diniH- — dimH- + diniH-. Since dimH^ = dimH^ = dimZ^ and 
dimH- = dimH- = dimZ*°P, we conclude 

A A ' 

(7.6.1) dimH^ - 2 dimZ*°P = dimH\ - 2 dim Za, 
and thence 

(7.6.2) dim Va = dim B.\ - dim Za + dim Z*°p. 

Next we assert that, at the image x of [A] in Va ^ H^^, the derivative 
(iG^(x):H3i -^ H^ of Qa has rank 

(7.6.3) Yank{deA{x)) = dimH^ - dimZ*°P = dimZ^ - dimZ*°P. 

Now, at a point A G Aa, the smooth submanifold A a of A{^) has tangent space 

T^Aa = {(l>;d^cl) G 7^i(E,ad(0)} C Oi(E,ad(e)). 
In other words, the right-hand unlabelled arrow being the inclusion, the square 

T^Aa -^ 7^i(E,ad(0) 



(7.6.4) 



T^^(0 -^^ fi'(S,ad(0) 
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is a pull back diagram. By construction, J\f{C) = {A E Aa]K^ = K^}; here K^ refers 
to the element of 7Y^(E, ad(^)) determined by the topology of ^, see Section 2 of 
[10]. Since (7.6.4) is a pull back diagram, by standard principles, at a point A of 
Af~{^) the sequence (7.7) induces an exact sequence of real vector spaces 

(7.6.5) -. T^AfiO -^ T^Aa ^ 7^i(E,ad(0) -^ H|(E,ad(0). 

Notice at present we cannot assert that the last arrow in (7.6.5) is surjective. 

Next we recall that, for A in A/'~(^) and close to A, the smooth submanifold 
A4a of Aa, cf. [10] (2.16) and Section 6 above, has tangent space T^A4a equal to 
T^^A n ker((i^); hence such a point A gives rise to the exact sequence 

-. {T^AfiO n ker{d\)) -. T^Ma -^ d^ (T^A^a) -^ 
which, cf. Section 2 of [10], with Ma =M{C)^Ma, looks like 

(7.6.6) -. T^Ma -^ T^Ma -^ d^ (T^A^a) ^ 0. 

We note that, near A, Ma also equals the intersection A/'(^) fl (A + ker((i^)). 

Let now A be a point close to A representing a point of A^*°P; then A lies in 
particular in M~{^), and near A, the restriction to Ma of the projection map from 
M{^) onto N{^) is a fibre bundle map onto its image, having fibre the homogeneous 
space Za/Z^. Consequently, in view of (7.6.1), 

dim A/'a = dim N{^) + dim Za — dim Z^ 
= dim H ~ + dim Za — dim Z^ 
= dim H^ + dim Z^ — dim Za- 

However, diuiMtA = dimH^^. Consequently 

dimii^ (T^Ma) = dimH^ - dim A/a 
= dim Za — dim Z^ 
= dimHi-dimH|, 

whence the exact sequence (7.6.5) furnishes the exact sequence 

(7.6.7) -. T^Ma -^ T^Ma ^ Hi(E, ad(0) -^ H|(E, ad(0) ^ 

of finite dimensional real vector spaces; notice its exactness at T^MIa is implied 
by that of (7.6.6). By construction, the Kuranishi map identifies (7.6.7) with the 
sequence 

(7.6.8) -. T^Va -^ T,H^(E, ad(a) ^^^^^ Hi(E, ad(0) -- H|(E, ad(0) -- 

which is therefore exact. In particular, the point x eVa is weakly regular for G^, 
and hence dQA{x) has rank asserted in (7.6.3). 
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Finally we show that the latter implies that the real linear span Vect(VA) of Va in 
H3i(E,ad(^)) equals the whole space H^(E, ad(^)). In fact, the cone Va is obviously 
stable under Za- Moreover, in view of [10] (2.27), for every 77 G 7i3i(S, ad(^)), the 
value [r],rj] G TC'aCE, ad(^)) is zero if and only if [*?7, *r]] = 0; here * refers to the corre- 
sponding duality operator, cf. [10] (1.1.5). Consequently the cone Va is stable under 
the duality operator *. However this duality operator induces the complex structure 
on H^(E, ad(^)). Hence the real linear span Vect(yA) of Va in H^(E, ad(^)) equals its 
complex linear span in H^(E, ad(^)); the complex vector space Vect(yA) thus inherits 
a structure of a unitary ^^-representation, and as a unitary ^^-representation, the 
space H^(E, ad(^)) decomposes into the direct sum of Vect(VA) and its orthogonal 
complement Vect(VA)-'-. Moreover the restrictions O^ and G^ of G^ to Vect(VA) 
and Vect(VA)"'", respectively, are the unique momentum mappings for these unitary 
Zyi-representations having the value zero at the origin. By construction, the cone Va 
lies in the summand Vect(VA), whence the zero locus (G^)~^(0) C Vect(VA)"'" consists 
merely of the origin. Hence, whatever weakly regular point a; of Va, the rank of the 
derivative dQA{x) coincides with the rank of the restriction dO\{x) to T^Vect(VA) = 
Vect(VA)- Consequently dim V^ = dim Vect(yA) — dimZ^ + dimZ^^P. However, in 
view of (7.6.2), this can only happen if dim Vect(VA) = dimH^(E, ad(^)), whence 
Vect(VA) = H3i(E, ad(^)) as asserted. D 

Remark 7.8. Let K he a, compact Lie group, with Lie algebra k, let W be 
an n-dimensional unitary representation of K, and let // be the unique momentum 
mapping from W to k* having the value zero at the origin. Its derivative at the origin 
is zero, the kernel of (i//(0) in fact equals the whole space W, and the Zariski tangent 
space To(/U~^(0)) at the origin of the zero locus fx~^{0) is obviously a subspace of 
the kernel of dn{0). However in general the Zariski tangent space does not coincide 
with the kernel of dn{0). To see this, suppose that the irreducible representations in 
W are all non-trivial, that K is a subgroup of the unitary group U{n), and that K 
contains the central circle subgroup 5"^ of U{n). Since the momentum mapping for 
the iS^-action on C"^ is given by the assignment to z G C^ of ||z|p, the zero level 
set n~^{0) will then consist of the origin only, the Zariski tangent space of which is 
of course trivial. Thus (7.6) is non-trivial. 

The decompositions of A^(^) and Rep^(r,G') into connected components of orbit 
types have been shown to be a stratification in [11]. If [A] lies in the stratum 
N(^j^-j, the inclusion of N(^x) into N{^) induces an injection T^a]{N{k)) -^ T^[A]NiO 
of Zariski tangent spaces, and T[a]{N(k)) will in this way be viewed as a linear 
subspace of T[a]N{^)] this is e. g. a consequence of (6.2) combined with (7.4). 
Notice T[A]N{K) amounts to the usual smooth tangent space of the smooth manifold 
N(^xy It is clear that the same kind of remarks can be made for an arbitrary 
point [(/)] of Rep^(r,G) and the stratum Rep^(r,G)(x) in which it lies. A point 
in the top stratum iV^°P(^) will be referred to as a non-singular point of A^(^), cf. 
[11]. Accordingly the representation space Rep^(r,G) has a non-singular part or top 

stratum Rep/^(r,G), and a point in Rep^°^(r, G) will be said to be a non-singular 
point of Rep^(r, G). We now collect a number of consequences of the above results. 

7.9. Let [A] be a point of N{^). In view of (6.2) and (7.6), a choice of representative 
A in its class [A] determines a linear map A^ from H^(E,ad(^)) to T[a]N{^). In 
fact, this map is the composite of the linear map A from H^(E,ad(^)) to T[o]VFa, 
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cf. (7.4), with the derivative of the injection of Wa into N{^) given in (6.2), where 
Wa refers to an open neighborhood of the class of zero in H^ of the kind coming 
into play in (6.2). By construction, A^ depends on the Kuranishi map; however the 
latter, in turn, depends merely on the data coming into play in the definition of 
iV(^). It is in this sense that a choice of representative A of [A] in fact determines 
Xa- The map A^ has the following properties: 

(1) It is independent of the choice of A in the sense that, for every gauge transformation 
7 G Q{C), the composite 

H3,(E,ad(0) ^ Hi(^)(E,ad(0) ^^^ T[^]iV(0 

of the induced hnear isomorphism 7|j with X'y(A) coincides with Xa- 

(2) Its kernel equals the subspace Jk(H^) of H^ = H3i(S, ad(^)), where K — Za, 
the stabilizer of A. 

(3) Its image equals the (smooth) tangent space T[A]iN(^x)), viewed as a subspace 
of T[^]A^(^) in a sense explained above, where N(^x) denotes the stratum in which 
[A] lies. 

(4) It is an isomorphism if and only if [A] is a non-singular point of N{^). 

These follow at once from (7.4) except statement (1) the proof of which we leave 
to the reader. 

7.10. Let [(j)] be a point of Rep^(r, G). In view of (6.3) and (7.6), a choice of 
representative (p in Hom^(r, G) in its class [cp] determines a linear map A,^ from 
H^(7r,(7<^) to T[^]Rep^(r, G). In fact, this map is the composite of the linear map A 
from H^(7r,(7^) to TjqjVF,^, cf. (7.4), with the derivative of the injection of Wfj, into 
Repg(r, G) given in (6.3), where VF<^ refers to an open neighborhood of the class of 
zero in H^ of the kind coming into play in (6.3). By construction, the injection of 
W(j, into Rep^(r, G) depends a priori on the Kuranishi map and in particular on the 
choice of Riemannian metric on E. However A,^ does not depend on this choice. In 
fact, by (5.7), the derivative of the Wilson loop mapping p from A{^) to Hom(F, G) 
at a central Yang-Mills connection A, restricted to the subspace ^'^^(E, ad(^)) of 
1-cocycles in 0^(E,ad(^)) = T^^(^), amounts to the composite 

Z\{E,8.d{0)^^^Z\7v,g^) --^T^Hom^(r,G) 

of the restriction Int^| of the twisted integration mapping with left translation L^ 
from Z^{7T,g(j,) to T^Hom^(r, G), whatever Riemannian metric on E; here (p = p(^) ^ 
Hom^(r, G). Since every cp G Homg(r, G) arises in this way, for every such (p, the 
diagram 

Z\n,g^) — ^ T^Hom^(r,G) 



Hi(7r,(7^) —^ T^Rep^(r,G) 

is commutative, the unlabelled vertical maps being the obvious ones. Hence a choice 
of representative (p in its class [cp] indeed determines a linear map A<^ as asserted 
which does not depend on a choice of Riemannian metric on E. The map A,^ has 
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the following properties: 

(1) It is independent of the choice of (p ^^ the sense that, for every x E G, the 
composite 

H^(7r,<7^) ^^^^ ^\n,g^^) ^ T[^]Rep^(r, G) 

of the induced hnear isomorphism Adt,(a;) with A^:^ coincides with A^. 

(2) Its kernel equals the subspace Jk{^^{t^, 94,)) of H^(7r,(7^), where K = Z^, the 
stabilizer of (p. 

(3) Its image equals the (smooth) tangent space T[<^](Rep^(r, G)(^)), viewed as a 
subspace of T[^]Rep^(r, G) in a sense explained above, where Rep^(r, G)(/^) denotes 
the stratum in which [cp] lies. 

(4) It is an isomorphism if and only if [cp] is a non-singular point of Rep£(r, G). 

These follow again at once from (7.4) except statement (1) the proof of which is 
formally the same as that of (7.9(1)). 

The statements of (7.9) and (7.10) are related by the fact that, for every central 
Yang-Mills connection A, the diagram 



H3,(E,ad(0) -^^ T[^]iV(0 



(7.11) 



Int 



A 



dp\, [A] 



H^(7r,^p(^)) > T[p(^)]Rep^(r,G) 



^P(A) 



is commutative. Thus at a non-singular point [A\ of N(^), the derivative of the 
Wilson loop mapping comes down to the twisted integration mapping Intyi from 
H3i(E,ad(0) to Hi(7r,(7p(^)). 

Remark 7.12. At a singular point [(p] of Rep£(r, G), the Zariski tangent space 
T[(^]Rep^(r, G) with respect to the smooth structure C°°(Rep^(r, G)) does not boil 
down to H^(7r,(7<^), cf. what is said on p. 205 of [8]. An example where this 
phenomenon really occurs will be given in the next Section. 

Here is an immediate consequence of (6.2), (6.3), and (7.5): 

Theorem 7.13. As smooth spaces, N{^) and its diffeomorphe Rep^(r,G) are locally 
semi-algebraic. 

Next we spell out our fifth main result. For every cp G Hom^(r, G), the kernel of 
the derivative dr^p from T0Hom(F, G) to Texp(Xj)G', with reference to the word map 
r from Hom(F, G) to G, yields a notion of not necessarily reduced Zariski tangent 
space, and it is clear that the Zariski tangent space T<^Hom^(r, G) with reference 
to the smooth structure G°°(Hom^(r, G)) (introduced in Section 3) is a subspace 
thereof; however, a priori the two spaces should not be confused. 

Theorem 7.14. For every point (p G Hom^(r,G), the Zariski tangent space with 
reference to G°° (Hom^(r, G)) coincides with the kernel of the derivative dr^. 

Thus our reduced Zariski tangent space coincides with the other notion of Zariski 
tangent space. However, we do not know whether the ideal in G°°(Hom(F, G)) 
corresponding to the word map r coincides with its real radical. 
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Proof. Let A be a central Yang-Mills connection so that p{A) = (p. The smooth G- 
invariant immersion (6.11.3) identifies the subspace G xz^ ^^ (0) with a G-invariant 
neighborhood of (p in Hom^(r, G); here 'dA refers to the momentum mapping coming 
into play in Section 6 above. However the Kuranishi map $^, cf. [10] (2.29) 
and what is said in Section 6 above, identifies the inclusion of G x^^ z?^^(0) into 
G Xz^ M.A with the inclusion of G Xzj^ Va into G Xz^ ^\ where Va ^ H^ refers to 
the cone 0^ (0); see Section 6 above for any unexplained notation. Now the tangent 
space T[g 0] {G Xz^^ H^) decomposes into a direct sum of B^{Tv,gff,) and H^, that is, 
it amounts to the space Z'^(7r,5f<^) of 1-cocycles, and in suitable coordinates near the 
point [e, 0], the space G Xz^Va boils down to the zero locus of the composition of 
the projection from Z^(7T,gcp) to H^(7r,(7^) with the momentum mapping G^ from 
}i\ to H^. In view of (7.6) above, this implies that the Zariski tangent space of 
G XZj^Va at the point [e, 0] equals the tangent space Tjg q] {G Xz^ Ha) whence the 
assertion. D 

8. An example 

Consider the moduli space N of flat SU(2)-connections for a surface E of genus 2. This 
example is already sufficiently general to visualize the global picture which emerges. 
As a space, A^ is just complex projective 3-space, by a result of Narasimhan- 
Ramanan [25]. However we shall see that, as a smooth space, with smooth structure 
(3.6), it looks rather different. 

Write G = SU(2), and let Z = {±1} denote the centre of G and T = S^ C G the 
standard circle subgroup inside G; it is a maximal torus. The decomposition of A^ 
according to orbit types of fiat connections has the three pieces Nq, A'^t)? and Nz, 
where the subscript refers to the conjugacy class of stabilizer; we recall that Nq 
consists of 16 isolated points and that A^(t) is connected. 

In view of what is said in Section 6 of our paper [15], near a point of the middle 
stratum A"(t)5 as a smooth space, A^ looks like a product of a standard R'* with a 
copy of the cone C = {{u,v,r);u'^ + v'^ = r'^-^r > 0}, with smooth structure induced by 
the embedding of C in 3-space with coordinates (w, i',r). In fact, the latter arises as 
the reduced space for the diagonal S0(2, R)-action on W = R^ x R^ with its obvious 
symplectic structure, in the following way: Let K = S0(2,R), and write elements of 
W in the form w = (q^p) G R^ x R^. The algebra R[VF]^ of invariants is generated 
by qq, pp, qp, \qp\, and the momentum mapping p is given by lJi{q,p) = \qp\- 
However p generates the ideal ly of polynomials in R[VF] vanishing on the zero 
locus V = /U~^(0); since // is iiT-invariant it also generates the ideal ly of i^-invariant 
polynomials vanishing on V. Thus the coordinate ring A[V] has four generators while 
the subalgebra of K-invariants A[y]^ is generated by ti = qq — pp, v = 2qp^r = qq+pp, 
subject to the relation r^ = u'^ + v'^. The real affine categorical quotient W/ /K is 
the double cone given by this equation while the reduced space VFred amounts to 
the positive cone C, with the cone point included. Moreover it is manifest that the 
Zariski tangent space TqC at the cone point has dimension 3. In fact the invariants 
u.v^r induce a map A from R*^ to R^ passing through a map A from R^/K to 
R^; now A has derivative zero at the origin while the derivative of A induces an 
isomorphism from Tjq] onto R^. Hence for a point [A\ of the middle stratum A'j-j-), 
the Zariski tangent space Tj^jA^ has dimension 4 -|- 3 = 7. On the other hand, the 
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dimension of H^(E,ad(^)) equals 8, and the linear map A^ from H3i(S,ad(^)) to 
T[A]N has rank four since the derivative of A at the origin has rank zero. Thus the 
Zariski tangent space T^^^jA^ can in no way be identified with the cohomology group 
H3i(E,ad(0), cf. (7.12) above. 

Likewise, in view of what is said in Section 7 of our paper [15], near any of the 16 
points of Nq, as a smooth space, N looks like the reduced space for the momentum 
mapping fx from W = (R^)^ to the dual of so(3, R), for the diagonal S0(3, R)-action 
on W with its obvious symplectic structure, the S0(3, R)-action on R"^ being the 
obvious one. With the notation (^1,^1, ^2,^2) G (R^)^ for the elements of W, the 
momentum mapping fx is given by the assignment to (^1,^1, i?2,P2) of qiApi+q2Ap2- 
Moreover, by invariant theory, cf. [33], [15], the ten distinct invariants 

(8.1) qiqj,qiPj,PiPj, i<«,i<2, 

among the scalar products, together with the four determinants 

(8.2) \qipiq2\, \qiPiP2\, \qiq2P2\, \piq2P2\: 

constitute a complete set of invariants for the S0(3, R)-action on W. However, 
for {qi,Pi,q2iP2) &V = ii~^{0), that is, when qi A pi + q2 A p2 = 0, any three of 
{qijPijq2jP2) are linearly dependent, that is, (^1,^1, 52,^2) he in a plane in R^, 
whence the four determinants (8.2) vanish on V, and the algebra of invariants 
^[]/]SO(3,R) jj^ ^Yie coordinate ring A[V] = R[M^]//y is in fact generated by the ten 
scalar products; these induce the quadratic S0(3, R)-invariant map 



U) X-.W-^S^R"), X{qi,pi,q2,P2) 



qiqi <?i<?2 qiPi qiP2 

q2qi ?2?2 q2Pi q2P2 

Piqi Piq2 piPi P1P2 

■ P2qi P2q2 P2P1 P2P2J 



into the 10-dimensional real vector space S^(R'^) of symmetric 4 by 4 matrices which, 
in turn, passes to an embedding 

(8.4) A:W^red-^S2(R4) 

of Wred into S^(R^) as a real semi-algebraic set 5"; more details about this semi- 
algebraic realization will be given below. We assert at first that the Zariski tangent 
space ToS" at the origin equals the whole ambient space, that is, has dimension 10. 
In fact, 5" is a cone since for (q'i,pi, ^2,^2) G V and t G R, 

A[t(gi,pi,g2,P2)] =t^A[Qi,pi,g2,P2] e S. 

Hence for x & S, the half line {tx;t > 0} lies in S. Let v be an arbitrary vector in 
R^ of length one. Then the vectors 

(v, 0, 0, 0), (0, V, 0, 0), (0, 0, V, 0), (0, 0, 0, v), {v, v, 0, 0), 
(^,0,^,0), (1^,0, 0,t;), (0,t;,t;,0), (0,t;,0,t;), {0,0, v,v) 
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all lie in V, and inspection shows that their images in 5" under A are linearly 
independent in the ambient vector space S^(R'^) and hence constitute a basis. In 
fact, 

10 0- 



A(z;, 0,0,0) 





Oj 



X{v,v,0,0) 



1 


1 





0- 


1 


1 





























0. 



etc. Consequently the linear span of the cone 5" equals the whole ambient space 
S^(R^), and hence the latter coincides with the Zariski tangent space TqS at the 
origin as asserted. In particular, the minimal number of generators of the algebra 
A[]/]SO(3,R) jg ^gj^^ ^^^ ^]^jg jg g^jgQ ^Yie minimal number of generators of C°°(VFred) 
since if fewer generators did suffice the dimension of the Zariski tangent space would 
be smaller. 

These observations translate to the moduli space A^ in the following way: Let [A] 
be a point in A^^. Then the Zariski tangent space T^iA^ has dimension 10 and hence 
the minimal number of generators of C°°{N) near [A] or rather that of its germ at 
[A] is 10. Moreover, a closer look reveals that the Zariski tangent space T^iA^ equals 
that of T[yi]iV(j-'), with reference to the induced smooth smooth structure C^{Nf^x))- 
In fact, in the language of constrained systems, N(^x) corresponds to reduced states 
where each of the two particles individually has angular momentum zero, cf. what 
is said in our paper [15], and hence the images of the ten vectors (8.5) under A 
already lie in the part of 5" which corresponds to A^(t)- In particular, the minimal 
number of generators of the induced smooth structure C°"{N(^x)) near [A] or rather 
that of its germ at [A] is still 10. Finally, the linear map Xa from }i\{'E,a,d{^)) to 
T[^]A^ is zero since the derivative of A at the origin is zero. Thus the Zariski tangent 
space T[^]A^ can in no way be identified with the cohomology group H3i(E, ad(^)), 
cf. (7.12) above. It seems also worthwhile pointing out that, cf. [15], as a complex 
variety, near a point [A] in Nq, the stratum Nrrp^ looks like the quadric Y'^ = XZ 
in complex 3-space and hence at a point [A] in Nq the complex Zariski tangent 
space of N(^^j') h^is dimension 3. Thus we see once more that, as a smooth space, 
the moduli space A^ of fiat SU(2)-connections for a surface E of genus 2 looks rather 
different from complex projective 3-space with its standard smooth structure. 

More information about the geometry of A^ near a point [A] in Nq can be obtained 
in the following way: The cone 1/ in VF may be defined as the zero locus of the 
single homogeneous real quartic function \1/ on VF given by the formula 

*(gi,Pi,g2,P2) = {qi /\pi + q2 f\p2){qi /\pi + q2 /\p2)- 

However this function looks like 



*(9l,Pl,92,P2) 



qiqi qipi 
Piqi pipi 



+ 2 



qiq2 qiP2 
Piq2 piP2 



+ 



q2q2 q2P2 
P2q2 P2P2 



and hence passes to a quadratic function i/j on S^(R'^). Next we observe that the 
reduced space VFred with respect to the S0(3, R)-action coincides with the reduced 
space with respect to the action of the larger group 0(3, R) since the four determinants 
(8.2) which distinguish between the two reduced spaces vanish on V; this is a special 
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phenomenon due to the fact that we are considering angular momentum of two 
particles in R^. Now W^ed appears as the zero locus of the single function ifj on 
VF/0(3, R). However, by invariant theory, the ten distinct inner products (8.1) 
constitute a complete set of invariants for the 0(3, R)-action on W subject to the 
single defining relation 



(8.6) 



qiQi qiq2 qipi qiP2 

g2<?i ?2?2 q2Pi q2P2 

Piqi Piq2 PiPi PiP2 

P2qi P2q2 P2P1 P2P2 



Consequently the affine categorical quotient VF//0(3, R) amounts to the space of 
singular symmetric 4 by 4 matrices, and VF/0(3, R) is realized as its semi-algebraic 
subset which consists of non-negative semidefinite matrices. Thus the reduced space 
Wj-ed and hence the space A^ near a point [A] in Nq appear as the zero locus of 
the single function t(; on the subspace of singular non-negative semidefinite matrices. 
The determinant and V clearly yield two S0(3, R)-invariant polynomials vanishing 
on V, that is, elements of the ideal ly but these two will not generate ly • 

In fact we can at once write down the following six 0(3, R)-invariant polynomials 
which vanish on V and are quadratic in the generators (8.1) of A[VF]^'-^'-^-': 

(8.7) (?iAq2)/U, (qiApi);U, {qiAp2)n, {q2Api)n, (Q2Ap2)/U, (piAp2)/U 
More explicitly, (a, 6) denoting any of the six couples {qi,q2) etc., we have 



{{aAb)n) {qi,Pi,q2,P2) 
Moreover, from the six relations 



aqi api 
bqi bpi 



+ 



aq2 ap2 
bq2 bp2 



I '^i 1 '^J2 ^J3 W'^jl '^J2 ^J3 I 



^il^'jl 


'^jlVj2 


«Jl^'i3 


%2^J1 


%2^J2 


Uj2l^h 


%3^J1 


%3^J2 


%3'^J3 



among the S0(3, R)-invariants (8.1) and (8.2), cf. [33], where luj^^Uj^Uj^l and \vjj^Vj^Vj^\ 
refer to any of the four determinants (8.2), we conclude that on V all 3 by 3 minors 
of A(gi,pi, ^27^2) vanish; these 3 by 3 minors yields six additional 0(3, R)-invariant 
polynomials vanishing on V^ of degree three in the generators (8.1) of ^[VF]*^*^'^'^-*. 
In particular, the image A(VFi-ed) lies in the subspace of symmetric 4 by 4 matrices 
having rank at most 2. We conjecture that the six quadratic polynomials (8.7) 
and the six cubic ones arising from the 3 by 3 minors constitute a complete set of 
generators of the ideal ly W • 

The methods of Lerman-Montgomery-Sjamaar [20] yield a geometric description 
of VFred, viewed as a subspace of that of symmetric 4 by 4 matrices: Let J be 
the symplectic operator on R^: J^ = —1, J^J = Id, a{v,w) = vJw. The assignment 
5" 1-^ JS identifies S^(R^) with the Lie algebra sp(2,R), and a result in [20] implies 
that A identifies VFred with the closure of the nilpotent orbit in sp(2, R) which 
corresponds to positive symmetric 4 by 4 matrices of rank at most 2 having kernel 
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a coisotropic subspace. The Lie algebra sp(2, R) has rank two — in fact it is 
the spht real from of C2 which coincides with B2, though — and its algebra of 
Sp(2, R)-invariants under the adjoint representation is a polynomial algebra, generated 
by the Killing form and the determinant. Hence the nilvariety Nil(sp(2,R)) is of 
real dimension 8; it consists of singular matrices in sp(2, R) having vanishing Killing 
form, and its subspace Nil (sp(2,R)) of non-negative semidefinite matrices is a union 
no U ni U n2 U n^ of four nilpotent adjoint orbits, iij being the subspace of non-negative 
semidefinite rank j matrices. The reduced space VFred now appears as the union 
noUniUn2. It may be described as a zero locus in Nil''~(sp(2, R)) in various ways, 
that is, 

— of the function tp or what corresponds to it, restricted to Nil"'~(sp(2, R)), 

— of the functions (8.7) or what corresponds to them, restricted to Nil''~(sp(2, R)); 
in fact, the two functions {qiApi)fx and {q2/\P2)fJ' already suffice; 

— of the six 3 by 3 minors, restricted to Nil''"(sp(2, R)). 

Somewhat amazingly, since, as a space, VFred is smooth in the ordinary sense, in fact 
a copy of real affine 6-dimensional space, the union no U rii U n2 is just a real affine 
6-dimensional space. 
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